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JOKA3ATEJICTBA 1 YTOYHEHUA
HA EKCHEPUMEHTAJIHO ITOJYYEHUTE
TBbPAEHUSA
YPE3 ITIPUHIUIIA 3A IYAJTHOCT

YCasa I'po3nes, ?Becesiun Henkon
Y Bucwe yuunuwye no sacmpaxosane u gunarncu — Cous
2 Texnuuecku xonexc — Jloseu

Pe3tome. B crarusita ca JokazaHU CBOMCTBaTa, KOUTO XapaKTepU3Upar reo-
METPUYHHATE KOHCTpYKuuH, onucand B (Grozdev & Nenkov, 2017). ITpemmoxenu-
TE J0Ka3aTeyCTBA BOIST JI0 YTOUYHEHHs Ha HAKOU OT CBOWCTBaTa, (POpMyJIHpaHU B
(Grozdev & Nenkov, 2017).
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B (Grozdev & Nenkov, 2017) ¢ nomorira Ha AMHAMUYHUTE Bb3MOXKHOCTH Ha
nporpamara THE GEOMETER’S SKETCHPAD (GSP) u nmorukara Ha IpUHITH-
Ia 3a JIyallHOCT B paBHHHATA HA TPUBIBIHKUK O€3 JJOKA3aTeJICTBA Ca OMUCAHU KOH-
CTPYKIIMUTE HA €THO U300paXKCHUE MEIKY TOUKH ¥ TIPABH U eIHA KPHBA, 3aBUCEINA
ot mpaBa. Tyk e TOKaXeM CBOWCTBAaTa Ha M300paKeHUETO W KpuBaTa, (Gopmy-
mupanu B (Grozdev & Nenkov, 2017). 3a menra pasmiexiame pOU3BOJICH TPHUb-
renauk ABC | cripsiMo KOMTO 11 u3non3saMe GapuIeHTPUYHU KOOPAMHATH, KaTo

A(1,0,0), B(0,1,0) u C(0,0,1) (Paskalev & Chobanov, 1985).

1. AHAJINTHYHH U3Pa3H, CBbP3aHH ¢ H300paskenunero ¢ . Heka P(xfJ ,V ,Z )
e KpaitHa (xP +y,tzp= 1) i Oe3kpaiiHa (xp +y,tzp= O) TOYKa B paBHU-
nara Ha AABC, kosto He nexu Bbpxy Hukos ot npasure BC, CA u AB . Axo

A =PANBC, B, =PBNCA u C,=PCnNAB (pur. 1), To

X z X
(1) A,(O, yp , Zp ], Bl( P ,0, Vid J’ Cl( Jid , yP ,0)
YptzZp YVpt2zp ZptXp ZptXp Xp+Vp Xp+Vp
Cnen TtoBa HaMupaMe€, Y€ KOOPAMHATUTE Ha TOYKUTE AO =BCnN Bl C] s

B, =CANCA u C,=ABNAB, (pur. 1) ca crequute:
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Casa I po3oes, Becenun Henros

®urypa 1

(2)AOEOy—PZ—PJ=B( Xp o2 jc( X Y Oj.
) D 0 s Yy 0 ) >
Yp=Zp Zp~=)p Xp~Zp Zp—Xp Xp=Vp Vp—Xp

Ot (Paskalev & Chobanov, 1985) e mussectro, ue Toukure B (x,,,,z ),
P,(x,,v,,2,) n P, (x3 » V3o 23) JIeXaT Ha e/[Ha IpaBa ToraBa M caMo TOTaBa, Kora-
TO € M3IBJIHEHO PAaBEHCTBOTO

XNz
(3) X, ¥, z,|=0.
X3 Y3 Z3

Karo npunoxnm (3) KbM KOOpAMHATHTE HA TOYKHTE A,, B, u C,, nonyuasa-
Me, 4e Te JeKaT Ha efHa mpaBa p (¢wur. 1), 9ueTo ypaBHEHHE € CIETHOTO:

(4) PiypZpX+zpXpy+x,y,z=0.

Taka momydaBame €AHO JOKa3aTeJCTBO Ha M3BECTHaTa TeopeMa Ha Jlesapr 3a
NepcreKTUBHUTE TpUbrbaHuIM (Mateev, 1977).

C nomoura Ha ypashenuero (4) monyuaBame eIMHCTBEHa NpaBa p , KOSTO
€ ChOTBETHA HA TOYKATA P(xP, yP,zP) npu M300pakeHHe (9 B paBHHHATA Ha

AABC . Axo P cwBnana ¢ meaunentopa G g,g,% na ABC,or (4) cnensa,

e (D(P) ¢ Ge3kpalinara rnpasa Ha pasauHara. O0parHo, ako p :ux+vy+wz =0
e mpaBa (HemMuHaBama rnpe3 Hukoil or BepxoBete A, B u C) B paBHuHara Ha
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ﬂoxaaameflcmea U Ymo4HeHUs. ..

AABC, upe3 paBeHcTBata VpZp =U | ZpXp =V y XpVp =W eqHO3HAYHO OIpE-
nessiMe Touka P, KoopAMHaTHTE Ha KOSITO ca CIICIHHTE:

O

YWHWUAUY VWA WU+ Uy YW+ Wit + uy
Koraro P e Ge3kpaiina, H3IBIHEHO € paBeHCTBOTO UV +VyW+ wu =0 . B to3u
ciydait 3a koopauHatute uvame P (vw, wi,uv). Taka ChIIOTO H300paKeHHE @
cwrocTasst Ha mpasara p:ux+vy+wz =0 exnosnayno touka P, uumTo KOOp-
nuHaty ce nony4dasar upes (5). Ako P e Geskpaiita Touka, npasara p= (D(P)
e TakaBa, u¢ YW+ wu +uv =0. OcseH ToBa 3a koopauHarure Ha A,, By n C;
UMaMe CJIEIHOTO M3pa3siBaHe:

(6)A0(0, LA j,BO(L,o,L),CO( v ,oj.
wW—v vV—WwW w—u u—w v—u u-—v

Axo C '(cl,cz,()) (c1 +c, = 1) e Touka or mpaBara AB (pazmuu-
Ha or A u B), mpoussonna npasa p’ mnpes C' uma c1eaHOTO ypaBHeHHE
p Ve, x—v'e,y—wcz =0. Cnen npunarane va dopmysure (5) monyuasame, ue
Toukara P', choTBeTHa HAa p' NpH (), UMA CIIEIHOTO KOOPAMHATHO MPEICTaBsHE:

! ! ’
P we, we, Ve,

3 b
w(e —c,)=Ve, w(e,—¢)+Ve, w(c,—¢)+Ve,
Ananornuno obpassr Hapasa p" 1 v'c,x—v"cy w'cz 0 mpes C' e touxara

" " ”n
P w'e w'e, Ve,

" "

W (e, —c,)=V'e, W' (c,—¢,)+V'e, W'(c,—¢)+V'e,

Cera upes (3) mamupame, ue Touxure P’ u P nexar Ha mpaBa p, C ypaBHe-
uue p, :c,x+¢y=0. Or toBa ypasuenue cnezsa, ue toukure P’ u P" nexar
Ha ocTosiHHA npaBa P, , muHasama npe3 C . Ako C' e cpenara na 4B, npasara
P, eycnopenna Ha AB .

Heka cera q:ux+vy=0 e mnpasa mpe3 Bopxa C. Torasa Toukara

' Vo ( ) '
Q —-—V,V,Zz JIE)KU BBPXY (. Or 4 cienBa, 4y€ IpaBara ¢ , CbOTBETHaA
u

Ha toukara Q' mpu ¢, uma ciennoro ypasuenne g iuz'x —vz'y —vy'’z =0. Axo

% u
C"=q¢'nA4B .10 C”( R R O) . ToBa 03HauaBa, 4e 0Opa3bT Ha BCSIKA TOY-

Uu+v u+v
Ka OT ¢ WMa 3a 00pa3s pM () Ipasa, KOATO MUHABA Npe3 nocrosHHara Touka C”.

Axo q||AB, 1o u=v=1un C" ecpenarana AB .
[IpoBenenure pa3chxkaeHHUS AOKA3BaT, Y€ CbOTBETCTBUETO () MPUTEKaBa CIEA-
HUTE CBOMCTBA:
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Casa I po3oes, Becenun Henros

1) cvomeemnume mouxu P = (p( p) HA 6CUYKU NPABU P , MUHABAWU NPE3 NOC-
mosmuna mouxa C' om npasama AB , nexcam na eona npasa npes C ;

2) cvomeemuume npasu ¢ = (p(Q) na ecuuku mouku Q, nedxcawu na npaea
npez C, munasam npesz nocmosmuna mouxa C" om npasama AB .

Te3u cBOICTBA MOKA3BaT Kak MOXKE J1a C€ TOMBJIHH H300paKCHUETO (), Taka de
JIa ChIOCTaBs B3aUMHO €JHO3HA4YHO ToukuTe 0T AB u mpasure npe3 C . Anano-
THYHO CTOSAT Hellara u ¢ Apyrute asa Bbpxa Ha AABC .

Ipenu na mpeMHHEM KbM ONKCBaHE HA KpuBarta Ha Ofyiep 3a mpaBa CIIpsIMO
AABC w HeiiHuTe CBOWCTBa, 1€ M3BEIEM YPAaBHEHHETO HA KpHMBA, BIIUCAHA B
AABC wu nonupama ce 1o ase npasu, pasmuuau or BC, CA u AB.

2. KpuBa, Jonupaiia ce 10 CTPAaHHUTE HA KOOPAMHATHHSI TPHBIbJIHHK H 1Be
npasu. Hexa kpusara k :a, x" +a,,y +a,z +2a,xy+2a,,yz+2a,zx =0 ce
norpa o npasure BC:x=0, CA:y=0, AB:z=0, [ :ux+vy+wz=0
ul, u,x+v,y+w,z=0, chorerno B toukure A, B, C,, L u L,.

O6buire toukn Ha Kk w  BC  ynoBnerBopsiBAT  ypaBHEHHETO
a,,y’ +2a,yz+a,z> =0. Trit karo BC ce nonmpa 1o k , ot nocneanoro ypas-
HEHHE CJIC/IBA, Y€ 32 KOOPAUHATHTE ) M Z Ha JONMpHATa ToYKa A ca U3MbIHCHH

a z a
paBeHCTBara Yo% 2 % pApanormamosa nonupuute Toukn B, u C,
z a y a
2 . > z a4y X a4 X ap
H0JTy4aBaMe ChOTBETHO JBOMKUTE PABEHCTBA — = ———, — = ——= } — = ——=,
X a; Zz a, ay

a
——2% Tlpasure AA, BB, u CC, munasar mpe3 easa Touka P(x, y,z).

BA  CB, AC,

BA CB, X
, ===k, u ===k, To xoopaunarute Ha P ca cBbp3aHu c
CA AB, BC,
z X
ancnara k,, k, u k, upes pasencrsara k, = —1, k, =——u k, =—— (Paskalev
z X y

& Chobanov, 1985). Kato xoMOmHHpaMe TE3W PaBEHCTBA C MPEIUITHUTE IIECT,

1 1

nonyuaBame a,, =k, a,;, dy; :k_a23 Ay =kay, a,=—ay,, a,=ka,
a 2

u a,,=—4d,,. OTTyk u Teopemara Ha YeBa, M3pa3sdBalla ce C PaBEHCTBOTO
3
k k,k. =—1 (Paskalev & Chobanov, 1985), ciensar 3aBucumocture U, = . ,,
- _ 2 __ _
a,, =—a,, a,, =k k.a,, a,, =—k,a,, n a;, =k,k a,,. Cnen 3amecrBane Ha
c

TE3U PABCHCTBA B YPAaBHCHUETO Ha k rnojry4yaBame
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,ZIOKaaamechmea U Ymo4HeHUs. ..

(7)  k:kXx*+y* +k)k 2 + 2k xy — 2k k yz+ 2k k’zx =0
Or pasenctBara x+y+z=1 u ux+vy+wz=0  navupame
(w,—u,)x—w, (u,—v,)x+v, .
y=-"t—"r Ly z=-t_12 1 (i=1,2). Cnen 3amecTBane Ha Te3n
V. =W, v, =W,

1 1 1

pasenctsa B (7) ce momyuana:
(k. +1) u? + &2 (K, =1) V2 + (k, =1) W =2k, (K2k, = Kk, +, + 1), +

(8) 2k, (k. + I, =k, +1) v, =2 (I 7 + ke, =k, +1)wa, | +
+[ 2kyk, (kyk, + 1) uy, = 2k, (kyhey + 2k + 1) vw, +2 (&, +1)wa,
~ 20k e (e, 1)V +2(k, - wf]x+(kbkcvi+w)2—0

JuckpumunanTara na ypasuenne (8) e kkZ (v, - ) (kykeuy, —kvw, +wu, )

(i=1,2). Tpasara [, e monmparensa 3a k Toraa u camo TOraBa, KOraro
kv

kkuv, —kvw +wu, =0 (i=1,2). Orryk k, = '(—) (i=1,2). 3ato-

kv,
gy (v, —v,m)

W (kcvl _”1) WM (kcv2 —uz) .CnenosarenHo k, =
kv, ku,v, vy (Wt = wyu )
ww, (1v, —u,,)

Bak, =

. Cera 3amectBame Te3u papenctsa B (7) u momyua-

k=
. w, (vw, —v,m)

BaMe, e KpuBaTa k ¥Ma CJIeIHOTO ypaBHEHHUE
wus (vlw2 A )2 X +viv; (w]u2 — Wl )2 yEwiw; (u]v2 —u,V, )z2 +
9) k: F2uu,v,v, (u1w2 —U,W, )(vlw2 VW, )xy+2v V, W W, (vlu2 vzul)(wlu2 )yz+
F2wwyuit, (Wv, =y, ) (upy, —u,v, ) 2x = 0.
Cren pemaBaHe Ha CUCTEMHUTE, 00Opa3yBaHH OT ()wu ypaBHEHUATA HA TIPABUTE

BC, CA, AB, [, u l,, onpenensime koopanxarure Ha gonupuute touku A, B,

C,, L u L, BeBBHIa:

ww, (ulvz — U ) ) (ulw2 —U,W )
Al 0’ ) )
uy,mw, (Vl -Wm ) — U,y (vz - Wz) uy,w, (Vl -W ) Uy (Vz - Wz)
(10) ww, (Vl"‘z Vzul) Ui, (VIWZ _Vzwl) ]
B, ,0, )
vyt (W =)+ voway (wy =1, )" vowuy (W) — 1y )+ v, w (w, —u,)
W, (W1u2 qul) uu, (lez — WV )
Cl 50 b
Wluzvz (ul ) qu Vl (MZ 2) Wluzvz (ul — Vl ) — qulvl (u2 — VZ)
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u,vw (Vlwz —WLW )

X =
b u12V2W2 (Vl —Wl)+v12W2u2 (Wl —U1)+ W12M2V2 (ul —Vl) ’

VWi, (Wluz — Wl )

3

- M12V2W2 (Vl —w1)+v12w2u2 (Wl —u1)+ leuzvz (I/II —Vl)

WU (”1"2 — UV )

9

z
(11.1) - u12V2W2 (Vl _W1)+V12W2”2 (Wl _“1)+W12uzvz (”1 _Vl)

Uy,w, (Vlwz —W,W )

e _ugvlwl (VZ - W2)+V2Wl”1 (Wz _”2)+ w v (”2 _Vz) ’
(11.2) y, =-— Wi, (Wluz - Wz”l)
L, uSVIWI (V2 —W2)+V2W1u1 (w2 —u2)+ w,u v, (u2 _Vz) 5
i wWu,v, (”1"2 _u2V1)
L =

_ uSvow, (v, —wy )+ v, wae (wy —u, )+ wyuy, (u, —v,)

Haxpas mie onpenenum KOOpIUHATHTE (xo, Voo ZO) Ha 1eHThpa Ha k . Kakro e
nokaszano B (Grozdev & Nenkov, 2015), Te3u KOOpAMHATH ca pELICHUE HA CHUCTE-
Mara ypaBHEHHS:

(an_an)x"'(alz_a23)y+(a31 _a33)Z:0>
(alz _a31)x+(a22 —a23)y+(a23—a33)z=0,
x+y+z=1.

Crief pelaBane Ha Tasu cucteMa 3a ypasternero (9) momyuasame GopmyiuTe:

Uy,w, (Vl -W ) — VW (Vz W, )

X, =—
’ Z[uluz (v, =vym )+ vy, (Wit = wo, )+ wow, (v, —u,, )] ’
(12) y. =— Wi, (Wl _”1)_V2W1”1(W2 _”2)
yO - 9
2 [ulu2 (v, =vym )+ v, (Wit —wy, )+ wow, (v, =1y, )]
I wil,v, (”1 | ) WUy (”2 _Vz)
)=

2 [ulu2 (v1w2 VW ) +VY, (w1u2 — Wyl ) +WwW, (ulv2 —,V, )} '
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3. OiisiepoBa KPHBa Ha PaBa COPSMO TPUBLIbJAHUK. Hexa p e mpasa B pas-
unnata Ha AABC, xato pNBC=4,, pnCA=B, u pNAB=C,(¢ur. 2).
OcseH ToOBa ¢ d,, b, u ¢, 03HAYaBaMe TPaBHUTE, KONTO MUHABAT CHOTBETHO TIPE3
sepxosete A, B u C u ca cvorsetno yecnopenuu na crparure BC, CA u AB
(¢ur. 2). e nokaxewm, ue wecrre npasu AA), BB, CC,, a,, by u  ca nonu-
paTtenHy KbM €/IHa KpUBa OT BTOpa cTeneH @ (¢wur. 2).

o |
N

Sl
[
\

! \‘\\ Ao k
-------------- 0__]_)_ A/ SHONNY ) e
a()_w ————— - e =T
---------- Lo —
L S
B b bo \\\
P ..
B
c
®urypa 2

VpaBHeHHsATa Ha CrOMeHaTuTe mpasu ca cieguute: AA, :vy+wz =0,
BB, :ux+wz=0, CC&:wH—vy:O, a,:y+z=0, by:x+z=0, ¢;:x+y=0.
Ocsen toBa b, "¢, = A(-1,1,1), ¢,na,=B(1,-1,1), a,nb,=B(1,1,—1)
(¢ur. 2). Ille HaMmepuM ypaBHEHHETO Ha KpuBara, Kosito ¢ Biucana B AABC u ce

nonmpa jio npasute AA) i BB, . 3a nienta pasriexiaame ABC xato koopauHaTeH
tpusrbaank. Axo A(x,1,,2,). B(X,,¥,,2,). C(X;, 3,2, ), atouxara M uma
xoopzuHaty (X, y,z) cupsvo Al u xoopzunarn (x',)’,z") cupsamo AABC
TO ca WM3NBJIHEHN paBeHCTBara: X =XX +X,V' +x.z', y=yx"+ V' +y,z,
z=z,Xx'+z,y'+ 2,z (Paskalev & Chobanov, 1985). Karo 3amectnm koopauHa-
murena A, B u C, nonyuasame:

(13) x=—x'+y'+z, y=x'-y'+z', z=x"+)'-2".

Or pasencreara (13) crnensa:
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(14) x'=l(y+z) y’:l(x+z) z':l(x+y)
2 ’ 2 , 2 .
Karo msnonssame (13)3a ypasuennsta na AA, u BB, crpsmo AABC , ua-
MHUpame:
A4y :(v+w)x +(w=) Y +(v=w)z' =0, BB, :(w—u)x'+(w+u) y'+(u-w)z' =0
[Ipuemame, 4e npasute /, W /, OT NpeAMIUHKS IYHKT CBHBIAAAT CHOTBETHO C
AA, u BB, . 3aroBa ca H3IBIHCHH PAaBEHCTBATA!

(15) u, =v+w, vy=w=v, W =V=W, ty =W—1U, v, =WHU, Wy, =U—W.

Bamecreame (15) B (9) u momyuaBame ypaBHEGHHETO Ha KpHBA @ CIIPSIMO

AABC , xosito ce ponupa 1o npasure a,, b, ¢,, AA, u BB,:
(16) @: v+ w) X+ (wtu) Y +w (u+v)' -

2uv(v+w)(w+u) xy' = 2vw(w+u) (u+v) y'z' = 2wu (u+v)(v+w) 2% = 0.
B (16) samecrsame (14) u nonyuasame ypasrennero va @ cupsimo AABC :

(17) o u’ (v—w)2 X+ (w—u)2 y2 +w (u—v)2 2 —2uv(3wu +3wv+uv+w2)xy—
—2vw(3uv+3uw+vw+u2)yz—2wu(3vu+3vw+wu+v2)zx=0.
Axo 'Eb , EO u C_IO ca JJONMPHAUTE TOYKU Ha () CHOTBETHO C MpaBHTE d,, b, 1
¢, (dur. 2), or (10), (13) u (15) Hamupame TexuuTe KOOPAUHATH:
- u\y—w u\w-—v
ALt e )

uv+w)+2vw u(v+w)+2vw )

(18) 3 v(u—w) . viw—u) j
" vw+uw)+2wu’ viw+u)+2wu )
c w(u—v) w(v—u) 1}
Nwlu+v)+2uv” wlu+v)+2uv” )

Koopannarute Ha normpaute Toukn L, n L, (dur. 2) crorBeTHO Ha mpasute

AA, uBB, ¢ @ onpexnensime oT (11.1), (11 2) (13) u (15) BbB BUAA:

L f19) wQu+v+w) wu(w—v) wv(v—w) j
(u+ WV +w+vInw* (w+whv +w+vInw* (w+whv* +(u+v)w?

L ( ww—u) wu(Qv+w+u) w(u—w) ]
v+ W ++w i G+ ++w)u? +u)w + v+ w)u?
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ITo anamorus ¢ TOUKUTE La u Lb pa3miexaame Touka Lc , YUUTO KOOPIAMHATH
Ce U3passBar Mo CICIHUSI HAYUH:

(20) L ( vw(v—u) wu(u—v) wQw+u+v) j

(w+v)u? +w+u)v* (w+v)u® +(w+u)v? (w+v)u? +(w+u)r?

Or ypasuennero (17) wa kpusata @ u ypasHeruero na npasara CC, ce mo-
Jy4yaBa, ye T€ MMaT CaMo eHa 00IIa TOYKa, KOOPAWHATHTE Ha KOATO CE U3pa3sBar
¢ (20) . Cnenoparenso CC, ce mommpa no @ B toukara L, (¢ur 2). C toa e
nokasano, ue npasure AA,, BB,, CC,, , b, u ¢, ce nonmpar 10 enHa Kpusa
oT BTOpa creneH @ . Kpuara @ e Hapudame kpuea na Oiliep 3a npasama p

cnpamo AABC .

4. JIBe cBOiicTBA HA LIECTTE OCHOBHH TOYKH Ha @ . CHOTBETCTBUETO () Ch-
nocrass Ha pasa p touka P or pasuunara Ha A4ABC , koopauHATHTE HA KOATO
ce m3passigar ¢ (5). Hexa P, B u P cacpenure chorBeTHO Ha oTceukure AP,

c

BP u CP, acpenure Ha crpannre BC, CA u AB cacvorserro M, (0,l,lj ,

22
M, [l,o,lj WM, (l,l,oj.
22 2°2

Crepnpaioro coiictso cebp3Ba npasure M P, M, P, u M P. ¢ xpusara Ha
Oiinep @ .

CaoiictBo 1. O6pasume na npasume M P, MbRL u M_P. npu ¢ ca oonup-
HUmMe MouKu cbomeemio na npasume d,, by u ¢, ¢ @.

Or (5) monyuaBame KOOpAMHATHTE HAa TOUKHTE P, P u P no crenuus Ha-
YUH:

p 29w+ wu + uv wu uv
20w+ wu+uv) 20w+ wu+uv)’ 2w+ wu +uv)
(21)Pb W , 2wu +uv+vw , uv
200w+ wu+uv) 20ow+wu+uv) 20ow+wu +uv)
P W wu 2uv+vw+wu
N20mw+wu+uv) 200w+ wu+uv) 2(vw+wu +uv)

Or (21), koopaunarure Ha M,, M, n M, u pasexcrBoto (3) mamupame
ypaBHeHusita Ha npasute M P, M, B, n M _P.:

a a?’

PM,:u(v—w)x+Qvw+wu+uv)y—Qvw+wu+uv)z=0,
PM,:—Qwu+uv+vw)x+v(w—u) y+Qwu+uv+w)z =0,

489



Casa I po3oes, Becenun Henros

PM. :Quv+wu+vw)x—Quv+wu+wvw) y+w(u—v)z=0 _

Cera, xaro msmomsame (5) u (18), momyuasame, wue (M aPa) =4,,
go(MbF;,) B, u @(M_P,)=C, . Toa noxassa cBoiictso 1.

Jpyrure tpu gormpan touku L, L, u L, nexamm va @, mpurexasar cien-
HOTO CBOICTBO:

CaoiictBo 2. Obpasume na donuprume mouku na npasume AR, BB, u CC,
¢ @ npu @ ca npasu, MUHABAWU Npe3 eOHd mouka P, om npasama PG (q)I/Ir 2)

Axo (0( ) [, (p( )—l " (p( ) , TO OT (19) (20) u (4) nomnyua-
BaMe ypaBHCHHMsITa Ha nipasute [, [, u IC B CIICTHIS B

L:u(v—-w)x—vQu+v+w)y+wQu+v+w)z=0

Lou(u+2v+w)x+viw—u) y—wu+2v+w)z=0

L:—u(u+v+2w)x+vu+v+2w)y+wlu—v)z=0

Ot nocieHUTE ypaBHeHHs IonydaBame, ye npasure [, [, u [, ce nmpecuyar B
enHa Touka [, KOOPANHATHTE HA KOSTO Ca CICAHUTE:

« = wQu+v+w)
b ew)u +w+ v+ (w+v)w? + 6uvw’
wu(u+2v+w)
(v+wu? +(w+u)v* +(u+v)w? + 6w’
w(u+v+2w)

z, = )
P
* (vewur +(w+u)v +(w+v)w + 6uvw

OcBeH TOBa OT (3) cienBa, 4e rmpasaTa lo , OTIpeJielieHa OT Toukara P 1 MeIu-

1

LIEHTBPA G(—,E,E , M CIIEJIHOTO YPaBHEHHE:
(23) L:uv=wx+viw-u)y+wlu-v)z=0
Ciiex 3amecTBaHe Ha koopauuatute (22) B nsBata vact Ha ypasnenuero (23)
ycTaHoBsiBame, ye Toukara F) nexu Bbpxy npasara [, (dpur. 2).

(22)  y, =

5. Hakouko cBoiicTBa Ha OiiiepoBaTa KpuBa, CBbP3aHHU C ONpeaesIeHa oM~
caHa 3a TPUBI'bJIHNKA KpuBa. Heka P = (p(p) , G e memuuentspbT Ha AABC

" O(XO, Voo ZO) ¢ TakaBa TO4Ka, 3a Kosito GO =—GP . Touxara O e ueHTHp Ha

omucana 3a AABC xpusa k (¢ur. 2). Ocsen ToBa Toukute P, O nu G nexar na
elHa npapa, koaTo Hapuuame Oiireposa npasa 3a moukama P cnpamo AABC
(¢ur. 2) (Grozdev & Nenkov, 2014,1).CnenoBarento toukara £ oT cBoiicTBO 2

nexu Bepxy Oiineposara npasa [, onpenenena ot P (¢dur. 2). C OnnepOBaTa mpa-
Ba [, ca CBBp3aHU U IPYTH CBOMCTBA HA KpHBaTa @ .
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Or nedpunnnusara na toukara O cieznBa, e 3a KOOPAMHATHTE U Ca M3ITBIHEHU

1-X 1- -z
paBeHcTBata X, = 5 L V= 2y £ u oz, = TP. Karo mnonssame (5) 3a
T€31 KOOP/IMHATH MOJTy4aBaMe:
u(v+w) viw+u) wlu+v)
(24) x, =

20wv+wu+uv)” "0 20wv+wut+uy)” 0 20wy wutuv)

Heka O, (x,,y,,2,) ¢ ueHTbpbT Ha @ . OT (12), (13) u (15) cnen ussectau
npeoOpasyBaHus M0dy4aBaMe paBeHCTBata X, = X,, Y, =), U z, = z,. Taka no-
JIy9UXME CIIEIHOTO _

CoiictBo 3. Kpusume k u @ umam 06w yenmop (dur. 2).

Cera e Hamepum oOumre Toukn Ha kK u @ c [,. Ypasuenunero na k e cnen-
HOTO (—xo + ¥, +Zo)x0yz +(x0 - ¥, +Zo)yozx+(x0 + —ZO)Zoxy =0. Karo
samectM ¢ paserctsara (24) , nonyuasame:

(25) k:(v+w)yz+(w+u)zx+(u+v)xy=0.

Ot ypasuennero (23) ma npasara I, u pasenctBoto X+ +2z =1 crenpa:

2

uv+wu—2vw uv+wu —2vw
CJ'IGI[ 3aMECTBAHC HAa TC3U PAaBCHCTBA B YPABHCHUCTO (25) Ha k nojry4yaBamMe
CJIENIBAIIIOTO KBAJPATHO YPAaBHEHUE OTHOCHO X :

(ow+wu+u)|[(v+w)u® +(w+u)v? +(u+v)w* - 6uvw]x* -
(27)

—u(v+w)[(v+w)u2 +w+u)v +(u+v)w —6uvw]x+vw(v+w)(w—u)(u—v)=0.

(26) y= (v +vw—2wu) x +w(u —v) e (vw+wu = 2uv) x +v(u—w) _

Ilo aHasnoruyeH HaumH or ypasHenuero (17) Ha @, ypasuennero (23) ua
npasara [, u paBeHcTBoTo X+ Y +Zz =1 nomyuasame KBanpaTHOTO ypaBHEHHE
(27) . CnenoBaresiHo KpuBUTE K 1M (@ MMaT €IHU U ChIIM OOLIU TOYKH C IIpaBara
[, . KoopauHaruTe Ha Te3u 0OIIH TOYKH HAMHDPAME OT (26) u (27) BbB BUAA:

_ u(v+w)ri(uv+wu—2vw)\/(v+w)(w+u)(u+v)2'

5

200w+ wu+uv)t

(28) vwrw) v+ vw=2wi) VG +w) (w+u) (w+v)z
N2 = 2(vw+wu+uv)t ’

_ w(u+v)ri(vw+wu—2uv)\/(v+w)(w+u)(u+v)r

1,2 >

20vw+wu+uv)r

KBbJCTO T = (v+w)u2 +(W+M)V2 +(M+V)W2 —ouvw.
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B €y 28 14,

®@urypa 4

Or (28) ce Bwxkaa, 1e npecednure Toukn Ha kK 1 @ ¢ [, He chIECTBYBAT, KO-
raro (v+w)(w+u)(u+v)7 <0 (¢pur. 3). Koraro(v+w)(w+u)(u+v)r>0,
CBILECTBYBAT JBE TAKUBa TOUKH ((ur. 2).

Axo € u3nbIHeHo Hakoe or paBercTBara V+ W =0, w+u =0 mm u+v=0,
npasara p OU ChBIAjANIA C HIKOS OT IPABHTE d, b, WIN C,), KOSTO ¢ H3KIIFOYEHO 110
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ycnosue. Cera ja 00bpHEM BHUMaHHUE HA TOBA, Y€ BEKTOPBT E(v W, W—u,u— v)
€ KOJIMHEapeH ¢ mpasara p . UxX+vy +wz = 0 , mopaxaaria OifepoBara KprBa @ .
AKo 3aMecTiM KoopauHatute Ha o B ypasnenmsta (17), (23) u (25), Bimxkua-
Me, Y€ Te Ce IPEBPBIUIAT BbB BEPHH PABEHCTBA TOraBa i caMo Torasa, koraro_7 = 0.
CrniepoBarento, koraro 7 =0, nmpasure [, u p ca ycnopeanu, a kpuure k u @
UMar caMo effHa o01a Oe3kpaiiHa TouKa, onpeseseHa ot Bektopa ¢ (¢ur. 4). Taka
nonyuasame, ue nipu 7 =0 kpusure kK u @ ca xunep6onu, 3a xouto [, e oba
acumnrota (¢dur. 4). Cera 1a 3aMeCTUM U = YpZp, V=ZpXp U W=XpY, B T=0.
[TomyyaBame paBeHCTBOTO VpZp + ZpXp +XpVp —9X, Y5z, = 0. CrienoBarenso
e o0ma acuMIToTa (JonuparenHa B Ge3kpaiiHa Touka) 3a K M @ Torasa M camo
TOraBa, Koraro Toukara P, KOsTo € ChOTBETHA HA P TPH (P, ISKH BbPXY KpHUBara
or tpera crened K : yz+2zx+xy—9xyz =0 (¢pur. 5).

&
o
<

= |

®urypa 5

Cera 1€ IOKaKeM, Y€ U B OCTAHAJIMTE CIly4au KpUBUTE K ¥ @ Ce nonupar B 06-
umrecutoukuc I, (pur.2). B(Grozdev &Nenkov 20 14,2) e nokaszano, ue npasara /
JIOTMpALIA ce 110 KpUBaTa k : @, X +a,, " + ayz" +2a,xy +2a,,yz + 2a;,2x = 0
B Toukara M (xM s Vars Zus ) , IMa CIEJHOTO YPaBHEHUE:

(29) 1x( a0, + a0y a2, )54 (0% + a0y + a2, )+ (a5, + gy, a2, )2=0.
Or ypasuerusta (17) u (25) na xpusute @ u k , xoopmunarure (28) u

ypasuennero (29) nonyuasame, ue aBeTe KpuBH @ u k MMar oGuM JOMApaTEI-
Hu B o6umTe cn toukn (28) . Tesu 1onMpaTeHI HMAT CIIGIHATE YPAaBHEHIS:
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{[$(V+w)(w+u)(u+v)—s]r+2u(vw+wu+uv)s}x+
+{[$(v+w)(w+u)(u+v)—s]r+2v(vw+wu+uv)s}y+

+{[$(V+w)(w+u)(u+v)—s]r+2w(vw+wu+uv)s}z:0,

KBIETO S = \/(V-l- W)(W-H/l)(u +v)2' .

[Tomygenure pesyaraTa oOo0IaBamMe B CIIEIBAIITUTE CBOMCTBA.

CroiicTBo 4. Ao kpusume k u @ umam obwu mouxu ¢ Oiineposama npasa I,
onpedenena om moukama P, mok u @ ca donupamennu 6 mesu mouxu (pur. 2).

CaoiictBo 5. Otieposama npasa 1, e ycnopedna na npasama p mozasa u
camo moeasa, koeamo moukama P = (p( p) onucea Kpusama om mpema cmenen
K:yz+zx+xy-9xyz=0 (¢pur 4, 5).

CroiicTBo 6. Kpusume k u ~ ca xunepbonu, 3a koumo Otinepoéama npasa l,
e 00wa acumnmoma mozasa u camo mozaea, koeamo 1l || p (¢our. 4).

JlokazaHOTO TyK cBOIcTBO 4 ce pa3nuuasa oT popmynupanoro B (Grozdev &
Nenkov, 2017) cBoiicTBO 4 110 TOBa, Y€ B HETO U3PHYHO € OTOCIISI3aHO ChHIIECTBYBA-
HeTo Ha obuwre Toukn Ha K 1 @ c [;. Kakto e crioMeHaro mo-rope, Te3u TOYKH
TIPH OTIPENIEIICHN YCIOBUS MOXKE /1a HE ChIIECTBYBaT. Paznukara ce IbJIKH Ha TOBA,
ge cBoicTBO 4 B (Grozdev & Nenkov, 2017) e dhopMmynupaHo camo Bb3 OCHOBA Ha
W3BBPILIEHN KOMIIOTHPHHU HAOMIOACHUS, & YTOUHEHHETO MY TyK C€ JIbJKH Ha aHa-
JUTHYHUTE U3CIIEIBaHUS, KOUTO BOJAT JIO U3BHPIIEHOTO JJOKA3aTEICTBO Ha CBOMC-
TBOTO. OCBEH TOBa CBOKCTBA 5 U 6 NOMBJIBAT CBOMCTBO 4.

6. KpuBa na Oiiiep 3a npaBara Ha Oiisiep. C @, o3HauaBame KpuBara Ha
Oiinep 3a npasara Ha Oiinep [,, onpenenena or Toukara P . Ot (17) u (25) ua-
MHupame, e ypaBHEHHETO Ha KPHBATa (U, € CICIHOTO:

> (v=w)’ (w+wu—2vw) x> +v* (w=u)’ (wv +vw—2wu)’ Y+
+w? (u=v) (wu+vw—2uv)’ 2 +

(30) @,

: +2uv(v—w)(w—u)[(2u2 +27 = 3uv) W —uvw(u+v)+u2v2]xy+
+2vw(w—u)(u—v)[(flv2 +2u? = 3vw)u’ —uvw(v+w)+v2w2]yz+

2w (=)= w)[(2w? + 20> = 3wu)v? —uvw(w+u) + w?u?] zx = 0.

Cnen pemraBaHe Ha CHUCTEMaTa, OIpezesieHa OT ypaBHEHUATA (17) u (30) u
palBelHijBOTO X+ y+z=1, namupame, ue TS NpUTEKaBA EIUHCTBEHO PEIIECHUE

3°3°3 ) Taka nonxyuaBame CI€IHOTO
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CaoiictBo 7. Oiineposama kpusa @, na Olneposama npasa l,, onpederena
om mouxama P, ce oonupa oo 1, & meouyenmvpa G na AABC.

7. B3aumMHO pa3noJio/KeHHe HA KPUBaTa (0 M mopaxaamara st npasa. Cera
e HaMEepUuM 06H_II/ITe TOYKH (KOFaTO TC C’BH.[eCTByBaT) Ha KpuBara o c nopaxzaamia-
Ta siipaBa p . OT ypaBHEHUETO HA P M PaBeHCTBOTO X + )V +z =1 monyuasame:

(w—w)x—w (u—v)x+v

(31) y= z= :

b

V—w V—w
3amMecTBaMe paBCHCTBATA 3D s(7) u MOJy9YaBaMe KBaJpaTHOTO YpaBHEHHE
v+ w)w+) (+v) 7 + 2w+ w) (w+1) (w+v) Qu=v—w) x +v*w* Qu+v+w) =0.
Cren peliaBaHe Ha TOBA YPaBHEHHE U 3aMECTBAHE HA MOJIYUYCHUTE PE3yJITaTH B
(31D HaMHUpame, 4e KOOPIUHATUTE Ha OOIIUTE TOUYKU Ha @ U P Ce U3pas3siBar C
(dhopmynure:
B —wwv+w)w+uw)u+v)Qu—-—v-w)tuwlh-w) 9
b2 (v+w)(w+u)(u+v)r
_ —wuv+w)w+u)u+v)Qv=—w—-u)+tuwwlw-u) 9
(32) YVip =
’ v+w)w+uw)(u+v)r
- —wv+w)w+u)(u+v)Qw—u—-v)+uw(u—-v) 9
b2 (v+w)(w+u)(u+v)r
KBJIETO 3 = 2\/—2(v+w)(w+u)(u V) (u+v+w).

NNV

b

9

5

or (32) ce BIDKIA, Y€ @ W p WUMar oOIM TOYKH, KOratro
(v + w)(w+ u)(u + V)(u +v+ w) <0. IlpaBara p e monmpareiHa 3a @ TOraBa
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1 camo Torasa, korato U +v+w =0 . Or tosa pasencreo i (32) cnenpa, ue p ce
111

jonupa 10 @ B Toukara G 333/ OTTyK mony4yaBame CJIeTHOTO

CaoiicTBo 8. Axo Otineposama kpuea @ ce 0onupa 00 NOPaXCOAWama s npa-
6a p, mo oonupnama mouka e meouyenmopvm G na AABC (¢ur. 6).

Axko B paBeHCTBOTO U +V+ W =0 3aMeCTUM U = VpZp, V=2,Xp, U W=XpVp,
nojiy4aBame VpZp +ZpXp +Xp)Yp = 0. ToBa o3HauaBa, de Toukara P = go(p)
JNeXH BepXy emuncara K : yz+zx+xy =0, kosT0 uMa 3a HEHTBP MEIULCHTBpPA
G (¢pur. 6). Taka MONTYIUXME CIETHOTO

CgoiicTB0 9. Axo Otineposama Kpuea @ ce 00nUpa 00 NOPANCOAWAma s nPa-
6a p, mo moukama P = ¢(p) nexcu evpxy onucanama sa AABC ewnca k; c
yenmup nezosus meouyenmvp G (dur. 6).

Tsit kaTo criopes CBOHCTBO 7 KpUBATa (), Ce JONHpPA 10 MOpaXkalaTa s Ipasa
l,, ot cBoiicTBO 9 ciezBa

CaoiictBo 10. Toukama L, = (o(lo) nevxcu 6vpxy enuncama ke .

Besurocr ot (5) u (23) cienpa, ue koopauHaTiTe Ha L, ca caennure:

VW(M - V)(M - W)

XLO - V2W2 '|'W2M2 +u2v2 —MVW(U+V+W) ’
_ WM(V—W)(V—M)

(33) yLO - VZW2 '|'W2M2 +M2V2 —MVW(M +V+W) ’
ZLO _ uv(w—u)(w—v)

VW +wru? +utV —uvw(u+v+w)
Or xoopmuuarute (33) ce Bwxkna, ye Toukara L, € k., xoero no apyr HaunH
MOTBBPKAaBa cBoicTBO 10.

®urypa 7
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8. Onpeneasine BMIA HA KPUBATA (0. 3a J1a ONPEIEIMM B3aHMHOTO MOJIOMKE-
HHe Ha @ W Oe3kpaitnara npasa na AABC, B ypasuennero (16) na @ crpsivo
AABC samectBaMe U =Y, Z,, V=2pXp, W=X,y, U Z ==X —)' u nomyua-
BaME yPABHEHUETO:

2 2 2 1”2
(xP +4y,+zp+4y,z, +22,x, +4xPyp)x

+2(2xf) +2Y8 —Zh + VpZp +ZpX, +3xpyp)x'y'+

+(4xf, +yr+zp+2y,z, + 42X, + 4)c1,,yp)y'2 =0.

JIMCKpUMHHAHTATA Ha TOBA yPaBHEHHE €
D' = —S(yp + ZP)(ZP +xp)(xP + yP)(xP +yp+ ZP) . Ot xoopaunarute Ha P
cipsamo AABC 8 D' npemunasame kbM koopaunarute Ha P cnipsmo AABC upes
pasenctsara (13). Taxa nonyuasame D' =—64x),y,2), (x} + ¥} + 2}, ). OT noc-
nesuus uspas ciensa, ue D' =0 rtorasa u camo Torasa, korato X, + Y, +z, =0,
T.e. Korato P e Ge3kpaiina Touka. OTTyK MmoaydaBamMe

CaoiictBo 11. Kpusama @ e napabona mozasa u camo mozaasa, Ko2amo oopa-
3em npu ¢ Ha npasama p , nopaxcoawa @, e besxkpaina mouka (¢ur. 7).

B cinyuaute, korato P e Ge3kpaiina, onucanara kpuBa K CblIo e napaboa.
Criopesi cBOMCTBO 4 mapaboiuTe MMaT JBE JONMPHU TOUKH, OT KOUTO €IHATA €
KpaiiHa, a ApyraTa ¢ oo1mara uM 6e3kpaitna Touka (pur. 7).

B ocrananute ciydau Xp, + y, +2z, =1 u xoopmunatute X,, ¥’ u z, umar
TOHO_ONpEJiENeHH 3HALM B 3aBUCHMOCT OT nonoxkenuneto na P =@(p) cupsmo
AABC . Ot 1ax ce onpenens, ue D' <0 unu D' >0 . B nbpBus cnyuait kpusara
@ ¢ enurca, a BbB BTopust — xunepoona. Ha ¢ur. 8 e nokazan BunbT Ha @ B 3aBH-
CHMOCT OT NONOsKeHneTo Ha Toukara P = @(p) cupamo AABC .

FHTTCA

FHTTCA NHITEPEOTA

4

H

B NHEPRCTA

XIHHEPROIA A
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Ot HampaBeHUTE U3BOMIM 33 BUJIA HA (@ CE BWXKJA, Ye KpUBaTa OT TPETa CTEICH
K ce chabpxa B obnactute, onpenenern ot Al , B KOUTO @ € xurepbosa
(¢ur. 5). Toa kopecnoHaUpa ChC CBOMCTBA 5 U 6. OCBeH TOBa esmicara k; or
coiicto 9 e Brucana B AABC , a xoraro P e Borpemna 3a AABC , kpusara @
e enurca (¢ur. 6, 8). Taka nmomy4yaBame CICAHOTO

CaoiicTBO 12. Ak0 @ ce donupa 0o nopaxcoawama s NPasa P, Mo Kpueama
w e enunca (dur. 6, 7).

Axo X, +V,+2,=0,10 P e Geskpaitna u D' =0. Cnenosarenno B T031
ciyyail @ e napabosa. Heka cera P He e Oe3kpaiina Touka. CiiydasT ¢ JonupaHe-
ToHa kK v @ 10 [, chII0 MOKe 1a ce Ipenu3upa, Ho MPEH TOBA IIe ONPEAEIHM
BHUJIa HA KpUBaTa (¥ B 3aBUCUMOCT OT Toukara P .

Koraro ce roBopu 3a Buj Ha elHa KpHUBa OT BTOpA CTEICH, € JIIOOOMUTHO J1a
ce pasbepe Kora Ts € OKPHKHOCT. KpuBara @ € BOmcaHa B AABC 3aroBa T €
OKPBKHOCT TOTaBa M CaMo TOTaBa, Koraro € Brimcana okpbxkuoct Ha AABC . Cre-
JIOBAaTEHO (» € OKPBHIKHOCT B TOYHO YSTUPH CITy4asl.

Axo BC=a, CA=b u AB=c, uenrposere na srucannre 8 AABC ox-
PBKHOCTH UMAT CIETHUTE KOOPIUHATHH NPEICTaBIHHUS:

( a b c j( —a b c j
a+b+c a+b+c a+b+c) \—a+b+c —a+b+c —a+b+c)’

( a -b c j ( a b —c j
a-b+c a-b+c a-b+c) \a+b-c a+b-c a+b—c)

Ot re3u koopauHary, Gopmymure (13) 3a mpemMuHaBane Ha KOOPIMHATH CIIps-
Mo AABC kM xoopmunary cipsimo AABC u dopmymute (24) 3a koopauHaTuTe
Ha [IEHThPa Ha @ Hamupame, de Brucanute B AABC okpwxnoctu ca OiinepoBu-
Te KPUBHM Ha CJIEJBALIIUTE TIPABH:

ri(a=3b+c)(a+b-3c)x+(a+b-3c)(-3a+b+c)y+(-3a+b+c)(a-3b+c)z=0,
—(a+3b—c)(a—b+3c)x+(a—b+3c)(3a+b+c)y+(a+3b—c)(3a+b+c)z:O,
rb:(—a+b+3c)(a+3b+c)x—(—a+b+30)(3a+b—c)y+(3a+b—c)(a+3b+c)z:0,
ri(—a+3b+c)(a+b+3c)x+Ba-b+c)a+b+3¢)y—(-a+3b+c)(Ba-b+c)z=0
AKO R=¢(r), R, (o( ), R, zgo(rb) u R, :(p(rc), OT TOPHUTE ypaBHe-

musi u (5) cnensa
R(_—3a+b+c _a-3b+c _a+b—3cj R (_3a+b+c a+3b-c a—b+3cJ

a+b+c ' a+b+c’ a+b+c —a+b+c —a+b+c —a+b+c

(3a+b—c _a+3b+c —a+b+3cj R (3a—b+c —a+3b+c _a+b+3c)
a-b+c’ a-b+c’ a-b+c ' a+b—c’ a+b-c = a+b-c
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OT Te3M OKPBKHOCTH CaMO BHTPENIHO BIIMCAHATa MOXE Ja Ce JOMUpa JI0 Mo-
pakaamiara st mpasa ¥ , 3aIoTo caMo T Ou MOIIa 1a Chabpika Menuientbpa G Ha
AABC (cBoiictpo 8). Twii kato Tpubrbaaunure AABC u AABC ca xomoretnu-
HM C HeHThp Ha xomoretns G, 1o ako G Niexku BbPXy BIMCAHATA OKPHKHOCT Ha
€IIMHUS TPUBIBIHUK, TS JIEXKU BEPXY BIMCAHATA OKPHKHOCT M Ha Apyrus (dur. 9).
Ocsen toBa G € o0ma JONMpHA TOYKA 3a JBETE OKPHLKHOCTH M MpaBara » €
TaxHara ooma gonuparensa B G (¢ur. 9). Hakpas oT yclaoBHETO 3a JONMUpaHe
u+v+w=0 u rxoedunuenture B r nonyuasame, ye¢ G e 00IIA AONUPHA TOUKA
3a BIucanute oKpbxkHOCTH Ha Tpubrbiaunure ABC nu ABC Ttorasa u camo to-
a+b’+c* 6
raBa, KOraro € U3IbJIHEHO PABEHCTBOT) ————————— = —
bc+ca+ab 5
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PROOFS AND SPECIFICATIONS OF EXPERIMENTALLY
DERIVED ASSERTIONS BY THE DUALITY PRINCIPLE

Abstract. Properties are proved in the paper, which characterize the geometric
constructions described in (Grozdev & Nenkov, 2017). The proposed proofs lead to
specifications of some of the properties formulated in (Grozdev & Nenkov, 2017).
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