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Kouxypcnu sadauu
Contest Problems

PEIIEHUWSA HA 3AJJAYUTE OT BPOM 6, 2016

3anaua 1. Bepxy npaBara 4B e B3era npoussonna touka C . Toukure M

u N nexar B enua nonypasuuna crupsimo AB u ca takusa, ue ACM u CBN

ca paBHOCTPaHHH TPUBIBIHUIK. AKO | € MeTara Ha MepreHIUKyIsapa, CIyCHAT

or C keM MN , na ce Hamepu reOMETPUYHOTO MSCTO Ha Toukara 1 , koraro C
orcea AB.

Keenus Topckas, [apwvs Konmesa, Januun Muxypos, Apxaneenck, Pycus

Pewenue: me pasrieame 1mo-o0uus ciyyai, B Koito tpubrbinuiure 4ACM
u CBN ca pasuoGenpenu ¢ b nipu ocaoute AC u BC chOTBETHO paBHH Ha

aupf.

B\-.

Pasrmnexxname mnpaBobrbiiHa KoopauHaTHa cuctema Axy, npu kosrto A(0,0),
+ —
B(0,¢), C(CO,O) . Toraa M (C—z(),%otgaj u N(c 2C° , ¢ 200 tgﬂ) .
OTTyk  Hammpame  ypaBHEHHETO Ha  TIpaBaTa MN BbB  BHJA
Z[COtga —(c—co)tgﬂ]x+ 2¢cy —c, [(c+co)tga —(c—co)tgﬂ] =0
ToBa ypaBHEHHE 3arycBaMe 10 CIICAHHUS HAYWH:
(tga+tgpP)cy + [c(tga —1gf)-2(1ga +tgﬁ)x]co —2c(y-1gBx)=0.
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Pewenus na 3a0auume...

Orycnosuero, ue npasata CT e neprenaukynsper na MN , onydaBame ypas-
Hennero Ha mpaBara CT BBB BHma cx+ I:c.tg B-c,(tga+1gp ):I y—cc,=0.
c(x+tgp.y)

c+(tga+tgﬂ)y
xy npasure MN u CT . 3aroBa 3amMecTBamMe MOCICIHHS U3pa3 33 C, B IPEIHII-

HOTO paBCHCTBO OTHOCHO C, M CJICA U3BCCTHU npeo6pa3yBaHH$[ nojy4yaBame, 4c
KOOpAUHATUTC (x,y) Ha T YAOBJICTBOPABAT CJICABAIIOTO YpaBHCHUC OT TpETa
CTCIICH:

Ugfx’-Ag fy’ +2| Ug*f-(tga+tgB) ~1|x"y+2gp| tg° B~ (tga+1gf) -2 |xy" -
~c(iga+1gB)x* +cigatgP(iga+igp)y* +c(iga+igf)(iga—1gf)xy+
+c* (tga —tgﬂ)x+c2tgﬂ(tga ~1gB)y=0.

Otryk cnensa, ue ¢, = . Toukara T e’k €THOBPEMEHHO Bbp-

CrnesoBareHO THPCEHOTO TEOMETPUYHO MSICTO € YacT OT KpHBa OT TpeTa CTe-
ned. Ciyyast, B koiito @ = [f = 60°, ypaBHECHHETO Ha KpUBATa OT TPETA CTETICH €
CIIEIHOTO:

243 - 6y —14x°y — 22x/§xy2 —23ex? + 6cy” =0.

3amaua 2. Bepxy orceukara AB e B3era npoussonna touka C . Toukure M

u N nexar B pasmuunu 1noinypaBHuHU OTHOCHO AB wu ca takusa, e ACM u

CBN ca paBHOCTpaHHU TPUBI'BJIHMIM. AKO | € IpeceyHara TOYKa Ha oblara

nonuparenna B C 3a onucanure okpbxkuocty Ha Tpubrbianuiure ACM u CBN

c orceukara BM , na ce HaMepu reOMETPHYHOTO MACTO Ha Todkara | , koraro C
omucea AB .

Epken Myoebaes, Kazoex Myxambemos, Aounbex Temupxanos,

Axmay, Kazaxcman

Pewenue: pasriexaame TpaBObIbIHA KOOPAWHATHA CHCTEMA AX) , IPH KOSITO
- 3
A(0,0), B(0,c)., C(c,,0).Torasa M(%‘%%) u N (C;CO ’ (¢ 020)\/_J '
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Pewenus na sadauume...

Heka k, u k, ca onncanuTe OKPBKHOCTH CHOTBETHO 32 TpUBIbIHHUINTE ACM
1 BCN . O6uiara ponuparensa ¢ Ha k, u k, B C e ycopenna na AM u BN .
OTTyk HamMupame, 4e ypaBHEHHETO M e ¢ :3Xx — NE) y—3c, =0. Ot opyra crpaHa,
ypaBHenuero nHa BM e BM : ¢, V3x- (CO - 2C) Y- coc\/§ = 0. Or ypaBHeHusita
Ha BM w t namupame KOOpAMHATHTE (x, y) HaIpeceyHaTauMTOYKa | 4pes3 paBeH-
¢, (3¢—¢,) ; _300(0—00) X \/5(30—00)

. OTTyK cnenga, ue — =

2\/§C 4 2\/50 ¥y 3 (c —-c, )
3 (x -3 y) c

’ 3x—/3 h%

X Ha W cJell HAKOW TpeoOpasyBaHUs MoJydaBaMme, ue KOOPIUMHATUTE (x, y)

Ha T  yJIOBIETBOPSBAT YpaBHEHHETO 3X° + ) —2\/§xy —3cx + 3\/§cy =0.
B ToBa ypaBHeHue u3BbpuiBamMe cMsHa Ha X Uy ¢ X u Y upe3 paseH-

1. 3. 27 G133

creata xX=—X-——Y+—c 1u y:—X+—Y+Tc. [ToryyaBame

2 32 2 2

2
4Y~ +3cX =0, xoeTo e ypaBHeHne Ha mapabona. Clre[oBaTeIHO THPCEHOTO Te0-

cTBara X =

HC . 3amMecTBaMe I0y4YeHara CTOMHOCT Ha C, B KOOpAMHATara

525



Pewenus na 3a0auume...

METPHYHO MSICTO € YacT OT mapaborra.

3agaua 3. [lanenu ca AABC urouku A,, By u C,, nexamy cboTBETHO BBPXY
crpanute BC, CA u AB . Berpemmno 3a AABC ca moctpoenu paBHOGEIPEHHUTE
tpubrbnamim BAM ,, CBM, v AC,M_ ¢ vrmu npu ocuosure BA,, CB, u
AC, , paBun Ha @, . AHanornuHo BeTpenHo 3a AABC canocrpoetn paBHOGepe-
uure tpusrbianuny CAN, , AB)N, u BC,N, ¢ b npu ocuosure CA,, AB,

u BC,, pasun na f. Toukure T,, T, u T, ca Bbrpemnn 3a orceukure M N,

MT, cosa,AM, M,T, cosa,BM,
NT,  cospB.AN, NI, cosp,.BN,’

<. Koraro A, B, u C, ce nsuxar no BC, CA u AB,

M,N, n M N, u Takusa, 4e

M]T, _cosa,CM
N.T. cosf,C,N,
TOYKHUTC Ta ’ Tb u Tc ONMUCBAT CbOTBETHO T'COMETPUIHUTE MeCTa 77, , 7T, U TT, . I[a

ce JIoKaxe, Je:
a) TCOMETPUIHUTE MeCTa 7T, , 7T, U 7T, Ca YacTH OT mapabo;
6)axo V,, V, u V. caBbpxoBere Ha mapabonure 7,, 7, u 7, upasute AV, ,

BV, n CV, ce npecnyar B e/jHa TOYKA HIIK CA YCIIOPEIHH.
Jlunu Cmeganosa, Upuna Xpucmosa, Paouna Heanosa, Jlosey, bvacapus

Pewenue: nexka Oxy u O, XY ca nBe eIHaKBO OPHEHTHUPAHH KOOPAMHATHU
CHCTEMH B paBHHUHATA. AKO BIBJIBT, HA KOWTO TpsOBa na ce 3aBbpTu octa OX
okono O B mocoka, oOpaTHa Ha YACOBHHMKOBATA CTPEIKA, JHOKATO MOCOKATa Ha

v Ox~ cwBagne ¢ nocokara Ha QX 7, e
paBeH Ha 36[0,7[], a KOOpIMHATHTE Ha
O, cuopsmo Oxy ca xo,yos, TO KOOpJH-
' warute (X Y) ma P cnpsmo O XY wu
KOOPIMHATUTE x,y) Ha Touka P cmps-
Mo Oxy ca CBbpP3aHH C paBEHCTBATA:
X=cosd(x—x,)+sind(y-y,) m

Y =—sin&(x—x,)+cosd(y—y,).
7 y" Heka B nanenus tpubrbianuk ABC,
Kakto oOukHOBeHo, wumame |BC|=a,
i B % |CAl=b, |4Bl=c, <«BAC=a u
XABC = . Pasmexname — MOJOKH-
TEJHO OpUEHTUPAHHTE KOOP/IMHAT-
uu  cucremu  Axy, Bx"y' u Cx"y"
(k. ¢urypara). Cnopsmo Axy Koop-
y nunatute Ha BbpxoBere Ha AABC ca
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Pewenus na 3a0auume...

CIICHHUTE A(0,0), B(c,0), C(b.cosa,b.sin a;.
Heka mpowusBoina touka P or paBuunara Ha AABC uma xoopaunaru (X, ),
(x',»') u (x",)") cworserno cpsmo Axy, Bx'y' u Cx"y". Tesu xoopauHar-
HU CHUCTEMH Ca eHAaKBO opueHTupanu. OcBeH ToBa cripsiMo Axy 3a Bx'y' e us-
mbiHeHo $=7—f,a3a Cx"y" e msmbnueno 9 =7+ . Ciex usnon3sase Ha
CIIOMEHATUTE BPB3KH MEKIY KOOPIAMHATHTE TPU MPEMUHABAHE KbM KOOpPIMHAT-
Hata cuctema AXxy mnomydasame paBenctBata: X =—C0SB.(x—c)+sinB.y,
y' ==sinf.(x—c)-cosB.y, x"=-cosa(x—bcosa)-sina(y-bsina),
" =sina.(x—bcosa)—cos a.(y —bsin a) . B craruara ,,HekoTopsle Tpaek-
TOPUH, KOTOPbIE ONpPEIEEHbI PABHOOEIPEHHBIMHI TPEYTOIbHUKAME, MyOIHKYBa-
Ha B Opoii 6, 2016 ., ¢ K0Ka3aHoO, 4e MPHU MPOU3BOIHU CTOMHOCTH Ha Q, U [, U
MC]-(',’ — k COMC
N cTc C0 N c

T omnwucaa KpHBa OT BTOpPA CTCIICH, KOATO CIIPAMO Axy HMa YpaBHCHHUC!

(sina, —ksin B,)" x* —(cosa, +kcos ,) y* -

(k #0), xoraro Toukara C, omucsa orceukara AB , Toukara

—c(sinao —kSiIlﬁo)Zx-i-C(Sil’lOlO —ksinﬁo)(cosoz0 —kcosﬂo)y=0.

B CcbllaTa CTaTus € IMOKa3aHo, Y€ Ta3W KpHUBa € napa6ona TOoraBa M CaMO TO-

cosq, .
rasa, koraro k =— . Ilpu Tasu cToiiHOCT Ha Kk TOJdydYaBaMe ypaBHEHHETO
cos f3,
1
2
(1ga, +1gf,)x* —(1gay +1g 5, ) x+2¢c.y =0. Tonarame = E(tgao +1gf3,)
t
¥ TOTyHaBame 77, 1 y = ——.X" +£.X . AHaJOTHYHO CIPAMO KOOPJMHATHUTE CHCTE-
¢ t
mu Bx'y’ u Cx"y" ce nonyuasar choTBeTHO mapaGomute 7, ;Y =——.x"> +1.x’
a
t
u,y' = —g.x"z +¢t.x". OTTyK cieBa TBBpICHHE a) HA 3a/1a4aTa.
BbpxbT Ha nipou3BosHa mapadona ¥ =g X ‘4 a,X +a, cupsMo KOOpIMHATHA
a, 3a}
cucteMa OXY wMa cieqHuTe KOOPIMHATH —2—,4—+a2 . OTTyK 32 KOOp-
a, =4,

nuHaTuTe Ha BhpXOBere V., V, m V. cpoTBeTHO Ha mapabonute 7,, 7, U T,
crpsiMO coOCTBeHHTE MM KoopauHatHu cuctemu Bx'y', Cx"y" u Axy wumame

at b t ct

V (—,—.aj, V. (—,—.b) ulv (—,—.cj. OT BpPB3KUTE MEXKTY KOOPIHHATHTE
“\2°4 "\274 ‘274

(x', y') u (x", y") c (x, y) noydyaBame, 4e KoopauHature Ha V, u V, cmnpsamo

Axy ce u3passiBar 1o CICIHUS HAuMH:
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Pewienus na 3adauume...

a a . a . a

Vic——.cosf—t.—.sin f,—.sin f—t.—.cos 3 |,
“(2ﬂ4ﬂ2ﬂ4-ﬂ)

b b . b . b
V,| =.cosa+t.—.sina,—.sina—t.—.cosa

2 4 2 4
OT KOOPAWHATUTE Ha BbPXOBETC HA TPUBI'BJIHMKA U BbPXOBETC Ha Hapa6OIII/ITe

Hamupame ypaBHeHusTa Ha npasute AV, , BV, u CV, B cnennus Bux;

AV, a(2sin B—tcos B)x+(2acos B+tasin f—4c)y=0,BV, :
b(2sina—tcosa)x—(2bcosa +thsina—4c) y—bc(2sina—tcosa) =0,
CV,:(4bsina —tc)x—2(2bcosa —c) y—bc(2sina —tcosa) =0.
Teit karo besina=acsinff=2S (S e onunero Ha ABC),

a’—b*+c’ —a’+b* +¢?

coOsf=——, COSa = T, NOCJIEAHUTE ypaBHEHHUS C€ IIpe-
ac c

00pasyBaT BbB BHJIA:
AV, (85 —(a® =b* +*)t]x+2(28t+a® —b> =3¢*) y =0, BV, :
[85—(=a® +5 +¢*)t)x— (28t —a® +b> =3¢?) y—c[8S —(=a> +b* +¢2)¢] =0,
cv.:2(85—c*)x+4(a* —b*) y—c[85 —(=a> +5* +c*)t] = 0.

Ot ypaBHenusaTa Ha npasute AV, u BV, nammpame, ue ako Te IMaT npecedHa
TouKa V', TSI MMa CIIeIHUTE KOOPINHATH:

[(a? +b2 +¢?)t—8S](28t +a® —b* —3¢2)
4C[St2 —(a*+b? +c2)t+12S]
[Ca b +e?)i-8sl(a - +c*)e-8s]

vV

Y =
SC[St —(a®+b* +c )t+12S]
Toukara V' cbmectByBa  ToraBa M caMO  TOraea,  Kora-
TO S —(a®+b*+?)t+125 #0. C HEMOCPEACTBEHO 3a-

MECTBaAHE Ha IIOCICAHUTE paBCHCTBA B JisiBaTa qacT Ha YpaBHE-
unero Ha CV, ce ycraHoBsBa, dYe TO CE MPEBPbIIA BBHB BSIPHO
paBeHcTBO, T.c. mpaBara CV, munaBa npe3 V. CHGILOB&TGJ’IHO npaBHTe AV,
BV, u CV, ce MpECHHAT B TOUKATa V., Koraro St* —(a> +b +c)t+128 2 0.
AKO e m3mbaHeHo pasencteoro St° —(a® +b° +¢ 2)1+1285 =0, Tesn npaBu ca
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Pewenus na 3a0auume...

ycnnopeaHu. Pa3rne>1<z[al7n<1/1 MOCJICAHOTO PABECHCTBO KATO YPABHCHUEC 11O OTHOIIC-

HHE Ha !, T0Jly4aBame, 4e TO MMa CICAHUTE PEaTHH MOJOKUTESITHH KOPSHH:
a’+b’ +c iZ\/a4 +b* +ct —b*c* —-cta’ —-a’h’
12 = :

Hamepenurte cToiiHocT 3a ¢ néRassar, ue npu pukcupan AABC cbmecTByBat
nBa ciydas, npu kouto npasure AV, , BV, n CV, ca ycnopennu. B ocrananure
CIIyYau 3a ChIHs TPUBI'BIHUK TE3H TPABH CE MPEeCHYar B eiHa Touka } , uuuto
KOODPJIMHATH Ca TOJyYeHH To-Tope. Te3u U3BOIM MOTaT Ja ce 3abele)ar Ha mpe-
JIOKEHNUTE PUTYPH.
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