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Abstract. The International Mathematical Olympiad is one of the respectable
events and one of the most long-lived international educational and scientific
competitions. It is the largest, oldest and most prestigious scientific Olympiad
for high school students. The 59" edition of the event took place in Cluj-Napoca,
Romania, 3 — 14 July 2018. The present paper is dedicated to the sixth problem on the
Olympiad paper. A detailed analysis of the problem is proposed in a methodological
way, which will be useful for students and teachers in the preparatory process for
future participations in mathematical competitions.
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The problem 6 on the paper of the 59" International mathematical Olympiad was
solved fully (7 points) by 18 participants, 5 students were marked with 6 points, 2
with 5 points, 5 with 4 points, 11 with 3 points, 26 with 2 points, 108 with 1 point
and 419 with 0 points. The mean result of all the 594 participants in the Olympiad
from 107 countries is 0. 638, which shows that the problem is hard and needs a

detailed analysis.
Problem 6. A convex quadrilateral ABCD satisfies AB.CD = BC.DA . Point X

lies inside ABCD so that £ XAB=/XCD and ZXBC = ZXDA.Prove that
/BXA+ /ZDXC =180°.

Lemma 1. Each convex quadrilateral has a unique interior point X such that
L XAB = ZXCD and ZXBC = ZXDA.

Proof: The following cases are possible:

1) If ABCD is a parallelogram, then the point X is the intersection
point of the diagonals. This follows from the equality of the cross-opposite
angles of the parallelogram. Reversely, the equality of the mentioned angles
implies that the point X should belong to each of the diagonals and conse-
quently it belongs to both the diagonals simultaneously. Thus the point X is
unique.
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2.1) If ABCD is a trapezoid with AB||CD and BCNAD =W, then the
common point of the diagonal AC and the circumcircle kK (BDW ) of ABDW is
the desired point X . The proof is the following:

i) LXAB = ZXCD (cross-opposite angles);
XDW XD+ DW
2 2
Reversely, the equality ZXAB = ZXCD implies, that the point X belongs to
the diagonal AC , while the equality L XBC = ZXDA is verified when X is on
the circle k(BDW ). Since AC and k(BDW ) have only one common point,
which is in the interior of ABCD , then the point X is unique. The second inter-
section point Y oftheline AC and k (BDW') issuch, that L/ YAB =180°— LYCD
and LYBC =180°—-ZYDA.
2.2) If ABCD is a trapezoid with BC|| AD and ABNCD =V, then the
common point of the diagonal BD and the circumcircle k(ACV)of AACV is

the desired point X . The proof is the following:

=/XDA.

i) ZXBC =

XCV _ XC+CV
2
i) ZXBC = ZXDA (cross-opposite angles).

i) ZXAB = = /XCD;

The uniqueness of the point X could be proved in the same manner as in the
previous case. The second common point Y of the line BD and k(ACV) is such,
that L/ YAB =180°—/ZYCD and /YBC =180°—-/YDA.
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k(BCY)

3) If ABCD is without parallel sides and ABNCD =V, BCNAD =W,
then the interior point of ABCD , which is the intersection point of the circumcircles

k(ACV) and k(BDW)of AACV and ABDW , respectively, is the desired
point X . The proof'is the following:

YOV XC+CV
2

XDW _ XD +DW
2

i) ZXAB =

- /XCD;

i) ZXBC = =/XDA.
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Reversely, the equality ZXAB = ZXCD means, that the point X belongs to
the circle k(ACV), while the equality ZXBC = ZXDA is verified when X is
on the circle kK (BDW) . Since AC and k(BDW) have only one common point,
which is in the interior of ABCD , then the point X is unique. The second intersec-
tion point ¥ of k(ACV) and k(BDW) is such, that L YAB =180°— £YCD
and LYBC =180°—-ZYDA.

Lemma 2. If the sides of the convex quadrilateral ABCD satisfy the equality
AB.CD = BC.DA , then:

a) the angular bisectors of the angles ABC and CDA meet in the point / from
the diagonal AC ;

b) the angular bisectors of the angles BAD and DCB meet in the point [’
from the diagonal BD.
DA

BA
Proof: Rewrite the given equality in the form _C =——_If I is such a point

IA BA DC
on the diagonal AC, that E = B_C ,then BI is the angular bisector of ZABC'.

1A DA
On the other hand, the equality E = D_C is true, which means, that DI is the

angular bisector of ZCDA . The assertion b) could be obtained analogously.
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In fact, if BA # BC, then there exists a point J on the line BC with the prop-
A BA
erty j_C = B_C . The circle @ with diameter LJ is the locus of the points M , for

MA BA
which —— =——". The circle @ is known to be the Apollonius circle for the seg-
MC BC

BA
ment AC under the ratio B_C For this reason, if an arbitrary AABC is given,

then the point D from the Apollonius circle @ is the fourth vertex of the quadri-
lateral ABCD , for which AB.CD = BC.DA . In such a way we come upon an idea
for the construction of a quadrilateral satisfying the conditions of the problem un-
der consideration. On the other hand, lemma 1 gives a possibility to construct the
point X for this quadrilateral.

Lemma 3. Let ABC be an arbitrary triangle, while B, and B, be such points
on the line AC, that the lines BB, and BB, are symmetric with respect to the

CB CB, BC’

angular bisector of ZABC. Then . -
AB, AB, AB

. . SBCBI CB,
Proof: Forthe areas of the triangles BCB, and BAB, wehave, that —— = ——
SBABZ AB,

CB, BC.BB,

AB,  AB.BB,

Sscs, BC.BB,.sin /B BC _BC.BB,

and = =
SM;2 AB.BB,.sin /B,BA AB.BB,

. Consequently

Analogously, using the areas of the triangles CBB, and ABB, we get the equality
CB, BC.BB,
AB,  AB.BB,
CB, CB, BC®
AB, AB, AB*’

Multiplying the obtained equalities we find, that
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A B

Lemma 4. If the convex quadrilateral ABCD satisfies the equality
AB.CD = BC.DA, then:

a) the symmetric images of the diagonal BD with respect to the angular bisec-
tors of LZABC and ZCDA meet in a point K from the diagonal AC ;

b) the symmetric images of the diagonal AC with respect to the angular bisec-
tors of Z/BAD and ZDCB meet in a point K" from the diagonal BD .

Proof: Denote by U the common point of the diagonals AC and BD. Let the
symmetric images of BD with respect to the angular bisectors of ZABC and
ZCDA meet AC in the points K, and K,, respectively. Applying lemma 3 to
CU CK, BC’

AABC we obtain the equality . =—
AU AK, AB

. Applying lemma 3 to ACDA

AU AK, DA’
CU CK, CD?
CK,.AK, _ (BC.DA
AK,CK, \ AB.CD

we obtain

. Multiplying the two equalities we deduce, that

2
AK, AK
) =1. Therefore, CK2 =—2L_ Since the points K, and

2 Kl

K, belong to the segment AC , the last equality means, that the points K, and K,
coincide. The assertion for the point K’ could be proven analogously.
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(>

)
lk\
‘ K
A0

It follows from lemma 4 that the point [ is the center of the incircle of ABDK.
Thus, AC is the angular bisector of ZBKD. Consequently
180°= LAKD + ZDKC = ZAKD + ZBKC . Thus we obtain the following

Conclusion. The equalities ZAKD + ZBKC =180° and
/BK'A+ ZCK'D =180° are satisfied.

Lemma 5. If the convex quadrilateral ABCD satisfies the equality
AB.CD = BC.DA , then:

a) The second common point X of the circumcircles k (BCK ) and k (DAK)
of ABCK and ADAK, respectively, is such that £ZXAB=/XCD and
ZXBC = ZXDA .

b) The second common point X of the circumcircles k (BCK') and k(DAK')
of ABCK' and ADAK', respectively, is such that Z/XAB=/XCD and
ZXBC = ZXDA .

Proof: We will consider the first case only. Let AB N AD =V and the second
common point of k(BCK) and k(DAK) be X . In order to prove the first equal-

ity it is enough to establish, that the point X belongs to the circumcircle k (ACV')
of AACV (as shown in lemma 1). The following equalities are true:

I3
~
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ZLCXA=ZLCXK + LKXA = ISOO—LCBK+% =180°-4DBA+ ZADK =

=/ZDBV + ZBDV =180°—ZAVD

Consequaently ZCXA+ ZAVD =180°. This equality means that the point X
belongs to the circumcircle of AACV . For this reason LXAB = ZXCD . The sec-

ond equality could be  obtained in the following  way:

LXBC=%=LXKC=180°—LAKX=LXDA.

The assertion for the other couple of circles under the condition AD " BC =W
could be proven in the same way.
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If AB||CD and the second common point of k(BCK) and k(DAK) is X,
as in the case just considered, we obtain ZCXA=180°-2ZDBA+ ZBDC =180°.
This means that the points C', X and A are collinear, i.e. the point X is on the
diagonal AC . Consequently, the common points X and K ofthe circles k (BCK)
and k(DAK ) are on the diagonal AC . But the circle kK (BCK) intersects the line
AC inthe point C'. Since a circle and a line could have no more than two common
points, then the point X coincides with K. Therefore, in this case the circles
k(BCK) and k(DAK) are tangent at the point X .

Analogously, if AD || BC, the circles k(BCK') and k(DAK') are tangent at
the point X =K'
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Solution of problem 6: If ABCD is a parallelogram, then the equality
AB.CD = BC.DA is satisfied only in the case when ABCD is a rhombus. Since
the point X is the intersection point of its diagonals, then
ZBXA+ ZDXC =90°+90° =180°. Let now ABCD is such, that two of its
sides at least are not parallel to each other. For definiteness let ABNCD =V
Since (according to lemma 5) the point X belongs to the circles k(BCK) and
k(DAK), then ZDXA+ Z/BXC = ZAKD+ ZBKC . From the conclusion we
obtain, that ZDXA+/BXC =180°. But (ZBXA+/DXC)+(/DXA+ /BXC)=360°.
Therefore Z/BXA+ ZDXC =180°. If we consider the point X as a common point
of the circles k(BCK') and k(DAK'), we deduce the desired equality as a con-

sequence of lemma 5 and the conclusion in the following way:

/BXA+ /DXC = Z/BK'A+ ZCK'D =180°.
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3AJAYA 6. OT IMO’2018

Pesrome. MextyHapoHaTa OJMMIIMA/IA [10 MATEMATHKA € €JHO OT yBa)KaBaHUTE
CHOWTHS W €IHO OT Hal-CTapuTe MEXTYHAPOIHN 00pa30BaTeIHU U HAYIHH ChCTe-
3aHudA. s e Hali-ronsimMaTa, Hali-cTapara ¥ Hall-IipecTH)KHaTa Hay4yHa OJIMMIINAjla
3a THMHA3MAJIHU YYCHHUIU. 59-0TO U3nanue Ha cp0uTHETO ce nposeze B Kiyx-Ha-
noka, PymbHus, B nepuoaa 3 — 14 ronu 2018. Hacrosiara crarust € mocBeTeHa Ha
mecraTa 3agada ot TeMara. [IpenoxkeH e mopoOeH aHaIi3 Ha 3a/1a9aTa ¢ METOO-
JIOTHYECKHU XapaKTep, KONTO 1ie ObJe MoJie3eH 3a yUeHUII U YIUTENH 110 BpeMe Ha
MOJITOTOBKATA 32 OBJCIIN YUaCTHsI B MATEMATHYECKH ChCTE3aHUSI.
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