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OBOBIIEHUE HA TOYKHUTE HA ®EPMA
B PABHUHATA HA TPUBI'BJIHUKA

D Casa I'po3nes, ? Becesiun Henkon
Bucwe yuunuwe no sacmpaxosane u Qunancu — Cogpusi
Bucwe soennomopcro yuunuwe ,, Hukona Banyapoe “ — Bapua

1
2)

Pe3ome. Pasrnenano e eqHo 000O0IIeHHEe Ha PaBHOCTPAHHUTE TPUBIBIHUIIM,
3aBHCEIIO OT ONHCaHa OKOJI0 TPWBI'BIHWK enunca. Karo crmemctBue oOT
KOHCTPYKIMSATa Ha TE€3W TPUBIBIHHULHN € TONyd4eHO 000OIIeHHe Ha TOYKHTE Ha
®depma B paBHUHATA HA J1aJIeH TPUBT BIHUK.

Kniouosu dymu: TpUBTBIHUK; €ITUIICA; TOUKH Ha Depma

JBe oT 3a0eNeKUTETHUTE TOUKH Ha TPUBIBIHUKA Ca TaKa Hape4eHUTE TOUKH Ha
®epma. Te3u TOUKH Ce MOMYYaBaT Ype3 MOCTPOSIBAHE HA PABHOCTPAHHU TPHBIbIIHHU-
1 BbPXY CTPAaHHUTE HA TPUBIBIHKMKA. JIFOOOIMTHO € [a C€ OTKPUAT TPHBIBIHHMIIM,
KOHMTO 0000I[aBaT PaBHOCTPAHHUTE, TaKa Y€ OT TE€3M TPUBIBLJIHMIM 110 €CTECTBEH
HauyMH JIa Ce MOoJTy4u 00001IeHne U Ha ToukuTe Ha Depma. TyK Iie MOKaXKEeM €I1H Ha-
YMH J1a CE HAIPaBM TOBA C IIOMOIITA Ha OMMCAHUTE OKOJIO AaeH Tpubrbianuk ABC
eJIUIICH. 3a J1a 000CHOBEM TIOJyYEHHUTE PE3YITATH, L€ M3M0I3BaMe OapULIEHTPUYHN
xoopaunaru crpsimo AABC | karo A(I,0,0), B(O,I,O) uC (0, O,l) . Cpenute Ha

crpanute BC, CA u AB mie o3HaqaBaMe CHOTBETHO C M, M, uM

®urypa 1
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1. IceBIOpaBHOCTPAHHN TPHBIBLJIHUIA, ONPEIEIEHH OT ONMCAHUTE OKOJIO
JAaJeH TPUBI'BJIHHUK €JIMIICH. BbpXy BCSKa OT CTpaHWTE Ha JaJeH TPUBIBIHUK
ABC wmorar 1a ce IOCTPOST M0 J1Ba PaBHOCTPAHHU TPHBIBIHUKA. AKO IPUEMEM,
Ye CBIIECTBYBAHETO HA TE3M TPUBIBIHUIM 3aBUCH OT omucaHara okoio AABC
OKPBKHOCT [, TO Clle/iBa JIa CH IIOCTaBMM BBIIPOCA 3a ChILECTBYBAHETO HA €MH-
CTBEHU JIBOWKHU TPUBIBIHUIIUA BbPXY CTPAHUTE Ha TPUBI'BIHKMKA C OJI00HHU CBOMC-
TBa U ONpEJEIEHU OT IPOU3BOJIHO onucano okono AABC xonuuHo cedenwe. 3a
J1a OTKPUEM TE3U JIBOWKU TPUBIBIHUIIM, L€ HAIPABMM aHAIIU3 Ha HAKOU BPB3KH Ha
PaBHOCTPAHHUTE TPUBIBIHKIM C 1 . _

Hexkaoxono AABC eonucano KOHUUHO ceuenue k (0) CIIEHTBP O(XO, Voo ZO) .
Torasa ypaBHeHHETO Ha K (0) € CIIEHOTO

(1) E(O): (1-2x, ) xoyz +(1=2, ) yozx +(1-22,) zpxy = 0.

Tperute BbpXOBEe Ha MOCTPOCHUTE BbpXy cTpanara BC paBHOCTpaHHU TPHb-
I'BJIHHALM O03Ha4aBame ¢ Ay u A . [IbpBOTO, KOETO NPaBH BIICYATICHHE, €, Y€ TOY-
kute Ay u A, nexar Bbpxy cuMerpaiara Ha orceukara BC, KoATO € quamersp
na I upes toukara M, (¢ur. 1). 3aroBa ThpcuM TakuBa Toukn 4, u A; BbpXy
nuamerbpa OM , Ha k (O) (¢pur. 2). JIpyro 0CHOBHO CBOMCTBO Ha paBHOCTpaH-
HUTC TpI/I'LIVI)J'[HI/IHI/I C€ CbCTOH B TOBA, Y€ MeZ[I/IL[eHTpOBeTe UM JIeKarT BT)pr HpaBI/I,
KOMTO Ca HEPHEHIUKYISPHU Ha CTpaHWTe UM. ToBa 03Ha4yaBa, 4e TE3H IPaBH Ca
CIIPETHATH ChC CHOTBETHUTE CTPAaHM CIpsAMO / ¥ MHMHABaT Npe3 TEXHUTE Cpe-
mu (pur. 1). OT mocnenHOTO HAOMIONCHHUE CIieNBa, Y€ TOUKaTa A(; MOYKEM J1a Thp-
CHM TaKa, 4e npasara, MMHaBauia npe3 meauuentspa G, Ha BCA,, na Munasa
npe3 cpenara Ha orceukara CA) u chiieBpeMento aa e cnpernara ¢ C4, cupsimo
k (0) (ananorn4Ho 3a nmocrpoennero Ha 4, ) (¢ur. 2). Te3u aBe HaGmOAEHUS ca
HAIIBJIHO OCTATHYHH 3a [OCTposiBaHe Ha Toukute Ay u A . Tosa me 060CHOBEM
ChC CJIE/IBAINTE AHATUTHYHH PAa3ChKICHUS.

[IpaBatra OM , nma cneHUTE MAPAMETPHYHH YPABHEHHSA

X =-2x,, y=%+(1—2y0)t, z:%+(1—2zo)t.

! n (V)
C A, o3nauaBame eqHa ot Toukute Ay n Ay . Twii kato A, nexu BppXy mpasaTa
OM 14 ce nomy4asa npy CTOMHOCT Ha mapameTspa ¢, (dur. 2). CienoBarenHo ko-

1 1
opaunartuteHa 4, ca: x, =-2xt,, ¥, :5+(1—2yo)t0, Zy4 :E+(1—220)t0 .
Ortyk Hammpame, 4e MenuueHTspbT Ha ABCA, mma cneaHoTo KOOPAMHATHO
2x,t, 3+2(1—2yo)tO 3+ 2(1—220)7,‘0
37 6 6

5

npeacrassiae G,

(dur. 2).
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[To-HaTaThK e OMpeeNuM MpaBa, KOATO MHHABAa MNpe3 cpeaara Ha OTCed-
KaTa C4, I/I e cupernara ¢ npasara CA, cnpsmo k(O ( ) (¢ur. 2). Enun Bektop

u “1 JUy, U KOJII/IHCapCH cnpasara CA,, uMa clieiHUTe KOOpPAUHATH U, = —4Xt,,
_1+2(1 29, )1, 1y =—1+2(1-22, )1,

B (Grozdev & Nenkov, 2015) e nokasano, ue ako B paBuunara Ha AABC e nane-
Ha KpHBa C ypaBHeHHe K :a, X’ +a,)° +ayuz° +2a,xy +2a,,yz +2a,2x =0,

TO BEKTOPBT v(vl,vz,v3) € CIIperHar Ha u (ul,uz,u3 ), KOTaTO Cca M3ITBJIHEHH pa-
BEHCTBaTa

v, =(ay, —ay)u, +(ay, —ay )u, +(a;, —ay, ) us,
v, =(a,—ay, )u, +(ay; —ay )u, +(ay, —ay, us,
vy =(a, —a,)u, +(a, —a, )u, +(ay, —ay, )us,.

Korato ypasuenueto e (1), ca usmbanenn pasencrsara:

v, = (I—ZxO)[(yo —zo)u] — XolU, +xou3:|,
v, = (1—2)/0)[);01:1 +(zy —x, ) u, —y0u3],
v, = (1—220)[—20u1 + zgu, +(x, —yo)u3].

CrenoBaTeIHO BEKTOPBT v(v1 V.V, ) , koifto e cipernar ¢ CA,, uma cinenHute

KOOpAWHaTHu
=-2(1-2x,)x,,
v, = (1-2y,)[1-2x,-2(1-2z,)1, |,
vy = (1-2z,)[ 1-2x, +2(1-2y, )1, |-
Koopauuarure Ha cpenara Ha C4, ca CIIEJIHUTE
[—xoto , 1+2 (1 ; 2% )to R 342 (1 ; 2% ) o J . Taka Hamupame napamMeTpUUHHUTE

ypaBHEHUs Ha IIpaBara ¢, KosTo e crpernara ¢ CA4,
x =—xty —2(1-2x, ) x, p,

1+2(1-2y,)1,

y= 7 0 +(1—2y0)[1—2x0—2(1—2zo)t0]p,
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3+2(1-2z,)1

z= ; S (1-2z,)[1-2x,+2(1-2y, )1, | -
Cera, axo npaBara ¢ MuHaBa npe3 G, ce oJry4aBaT paBeHCTBaTa
2x,1
—Xoty —2(1-2x, ) X, p =— X;O ,

1+2(1-2y, )1
4

3+2(1-2y, ),
6

S (1-2y, )| 1-2x,—2(1-22,)t, | p =
t, 3(1 2 )
6(1-2x,)  4(1-2y,)(1-2z)

BbBexkaame o3HaueHueto A = (1 —-2x, ) (1 -2, )(1 -2z, ) . CrnenoBarenHo

OTTyk nonyyaBame p = —

1-2x, / 3
tO + 2 0 A . Taka nojry4yaBaMe KOOPpAWUHATHOTO IMPEACTABAHC U ABCTC TOY-
Ay A
31 311 3
( 1 2x0 \/;,2{1+(1—2x0)(1—2y0)\/;},2{1+(1—2ZO)(1—2x0)\/;D,

AO[(I 23, \/i;{l (1-2x )(1_2%)\@,;{1_(1_220)(1_2%)\@}.

AmnajmoruyHo HaMUupaMe BbPXOBECTC HAa TPUBI'BJIHULUTEC, IOCTPOCHU BbPXY JAPY-
TUTEC ABC CTPAHU, CHC CICAHUTC KOOPAUHATHU MMPECACTABAHUA:

(3) B, é 1+(1—2x0)(1—2y0)\/i:,—(l—Zyo)yo\/z,;{1+(1—2y0)(1—2z0)\/§D,

B, % l—(1—2x0)(1—2y0)\/z:,(l—Zyo)yo\/i,;{l—(l—2yo)(l—220)\/§D.

(4) C, 1+(1—2zo)(1—2x0)\/§_,;{H(l—zyo)(l—zzo)\/ﬂ,—(l_zzo)zo\/a,

N | —

A_’;{1_(1_2%)(1_220)\/5}(1—220)20\/3

Tpusrsnanuure BCA;, BCA;, CAB,, CAB;, ABC, w ABC e napuua-

Me€ 11Ce600PABHOCMPan U N0 omHoueHue Ha k (O) .

1—(1—220)(1—2)60)

1
2_
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OT KOOpIMHATHTE (2) , (3) u (4) na roukure A, Ay, By, By, C; u CJ
Cce BIKJIA, Y€ Te ChIIECTBYBAT caMo Korato A = (1— ZXO)(l 2y0 )(1 220) > O .
Tosa ycnoBue e n3mbieno camo korato K (O) e enurnca. Crienosarento ncesjio-
PaBHOCTPAHHUTE TPUBIBIHUIIM Ca ONPEIeIeHn caMo oT onmucanute okono AABC
EJTUTICH.

2. IBOiiKH ClIENHAJIHY eJIMIICH B PABHHHATA HA TPHBI'bJIHUKA. PaBHOCTpaH-
HUTE TPUBTBIHHUIM, OCTPOECHH BbPXY CTPAHUTE HA NaJeH TPUBIBIHHUK, CE MO-
JydaBar ype3 oOIIMTE TOUYKHM HA JIBE €HAKBU OKPBKHOCTH C PAJMYCH CTPAHUTE
Ha TPUBIbIHKKA ((ur. 1) Oxassa ce, ue tpusrbiauuure BCA;, BCAJ, CAB;,
CAB;, ABC; u ABC; npurexasar nono6H0 CBOHCTBO (ur. 2).

HeKa k. (B) u k. (C) Ca KOHMYHHUTE CEYEHNs], OIMCAHH CHOTBETHO OKOJIO TPH-
wreaaumure AJA/C u AjAJB, uenrposere Ha kouto ca ceoretHo B u C. 3a
YPaBHEHMSATA HA TE3U KPUBH CE TIONyYaBa:

K, (B): (1-2x,) Xoyz+(1-2y, ) Yozx+(1-22, ) 2pxy + (1= 2y, ) (2, = %, ) X+(1-2% ) %,y =0,
K_(C): (1-2% ) XYz +(1-2Y, ) Yo2x+ (122 ) 2gxy + (122, ) (Vs = X ) X+(1-2%; ) %2 = 0.

Or pesynrarure, nonydenn B (Grozdev & Nenkov, 2014), cnensa, ue K, (B)

u k. (C) ca XoMoTeTHuHH Ha K (O) C KOe(UITUEHT Ha XOMOTETHS

CrenoBarento kpusute K, (B) u k_ (C) ca e[HaKBH EJIUIICH.

3. KoHcTpyKIMs HA NMCEBAOPABHOCTPAHHHMTE TPUBIBJIHMIHU. 32 Jia Ce U3-
cnensar ceoiictara Ha AABC , cBbp3aHu ¢ 1ICEBIOPABHOCTPAHHU TPUBIBIHHUILIH,
€ HEOOXOMMO JIa CE 3HAE KaK CE MOCTPOSIBAT TE€3M TPUBIBIHUIM TIPU Ja/I€Ha OTIH-
cana okosto AABC emunca k (O) . OT IoIy4eHUTE PE3YNTATH CIIENBA, Y€ NICEBIO0-
PaBHOCTPAHHU TPUBIBIHMIIA MOTAT J1a Ce MOCTPOSABAT MO CIEIHATE TP HAUMHA.

1) Besika ot Toukute A, Aj, By, By, C; u C; moxe na ce nocrpou 1o cb-
OTBETHHUTE CU KOOPJIMHATH, TIPECTABEHU B (23 , (3) u (4)

2) TloctposiBareto Ha ToukuTe Ay 1 A MOKE 1a Ce U3BBPIIM C OMOIITA Ha
nsost ot emunente K, (B) u k_(C). Enuncara K, (B) mose 1a ce noctpou kato

= 1-2x
XxoMoTeTHuHa Ha K (O) ¢ koeduuuent |——2 . Crieq ToBa J1a ce HaMepsT Ipe-
_ oo
CeyHuTe TOUKH Ha K ( ) c mpasara OM (¢ur. 2, 3).

3) JIpyr Ha4uH 3a MOCTPOSIBAHE Ha TouKHTe A, n A c nomomiTa Ha HSKOS OT
emuncute K, ( ) u k_ (_C) ce OCHOBaBa Ha clejHUTe HabmoneHus. a) Bropara
npeceuna touka C, na K ( ) ck (O) JIeXKHU BbPXY TIpaBa, KOATO € CIpPErHara ¢
npasara OB crpsimo k- (O) . 3aroBa Toukara C; MOXe Jia ce moCTpoM Karo mpe-
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ceyHa Toyka Ha mpasa npe3 C u k (0) (¢ur. 3). 6) Honuparenuure k6M k, (B )
B Toukure C u C, ca cupernaru cprorerso ¢ npasure BC u BC, cupsimo Ha
k (O) (¢ur. 3). Te3n npaBu ce npecuyar BbB BTOpaTa pecevyHa Touka B, Ha npa-
Bara BO ¢ k (O) (¢ur. 3). Ako C, e Toukara, kosiTO € cuMerprdHa Ha C crpsmo
B, 10 C, erouka ot k, (B ) (¢ur. 3). Cenosarento k, (B ) MOJKE J1a C€ MOCTPOU
kato kpusa npe3 toukute C, C, u C, u gormparenuu B toukure C u C,. Cren
Kato k, (B ) e Bede NocTpoeHa, Toukute 4’ ud'’ | ce momydasar Kato OOIIM TOUKH

na k, (B) n OM,.

®urypa 2

TpsibBa Ja ce OTOEIEKH, Ye IBPBUTE JBa METO/A 3a IIOCTPOSIBAHE HA TOUYKUTE
4y, Ay, By, By, C; u C; ca cBbp3any ¢ npexBapuTelHU npecMsiTanus. B
BTOPHSI CIly4aii IPEeCMATAHUATA ca T10-MaJIKo. [Ipy TpeTysi BApHaHT UMaMe YHCTO
KOHCTPYKTHBHO I10JIy4aBaHE HA TE3H TOUKH.

4. Hamo,1e0HOBH TPHBIbJIHHIH. TPUbIbIHALUTE, 00pa3yBaHU OT LICHTPOBETE
Ha €HOMIOCOYHUTE PAaBHOCTPAHHH TPHBI'BIHUIM, IOCTPOCHU BbPXY CTPAHUTE HA
OaJa€H TPpUBI'BJIHUK, OOMKHOBEHO C€ Hapu4ar Harmonmeonosn TPUBI'BJIHULIU. Tesu
TPUBIBIIHALM MMAT [IOCTOSHHA PasiiKa Ha nuiara. OkasBa ce, e TakoBa CBOHCTBO

[PUTEKABAT U IICEBIOPABHOCTPAHHUTE TPUBIBIHHUIIM.
Hexka G, G', G, G, G u G” ca MenuIEHTPOBETE CHOTBETHO HA TPUb-

renunuure BCAy, BCA, , CAB,, CAB;, ABC, n ABC; . 3a koopiuHarute Ha
TE3U TOYKH OT (2) , (3) " (4) ce moJyyara
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3 3 3
. (1—2x0)x0\/; 3+(1—2x0)(1—2y0)\/; 3+2(1—2zo)(1—2xo)\/;

- 2

3 ’ 6 ’ 6

>o)

(1-2x,) %04 |~ 3—(1—2xo)(1—2y0)\/§ 3—2(1—220)(1—2x0)\/§

GII , , .
¢ 3 6 6
3 3 3
se0-20)0-2) 3 (P sea0-2)0-22) 2
G - >
’ 6 ’ 3 ’ 6
3 3 3
3_(1_2x0)(1_ZYO) A (1_2)’0))’0 A 3_2(1_2)’0)(1_220) A
G’ 5
b 6 ’ 3 ’ 6
3 3
3+(1—220)(l—2x0)\/7 3+2(1—2y0)(l—220)\/7 (1—220)20 N
G' b b
¢ 6 6 3
3 3 3
3-(1-2z,)(1-2x,) /A 3-2(1-2y,)(1-2z2,) /A (1-22,)z, /A
G’ , , .
¢ 6 6 3
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®urypa 4

Ot opmynara 3a JauIe Ha TPUBI'BIHUK U Te3W KOOPIWHATH Ce MOJy4yaBar pa-
BEHCTBATA

3 3
(A+8x,,2) X+3 (A+8x,1,2,) X_3

S, Sergrer = 6 S

OTTyk cremBa, dYe SGQ,G;?G; _chcgcg =S. CnemoBaTeqHO TPHUBTBIHUIIATE

Saaa = 6

G/ G,G! u G)G)G! npurexasar CbIIOTO CBOICTBO, KOCTO UMa [IPU PaBHOCTPAH-

HuTe. 3aroBa MoxeM Ja Hapudame Tpubrbnaunute G G,G. u G.G,G! Hanone-
onosu mpuvewvanuyu (¢ur. 4). TpsOBa ga ce oTOCIICKH, Ue MOCICTHOTO CBOMCTBO
Ha HaroneoHoBrTe TpUBIBIHULN HE 3aBHCH OT onucanara okono A4ABC enwrca.

5. Toukn Ha ®Pepma. Kitacuueckure Touku Ha depMa ce mosrydasaT upes mpa-
Bute, cBbp3Bamy BbpxoBere Ha AABC ¢ BbpXOBETE HA PABHOCTPAHHUTE TPHb-
I'BITHUIN, TOCTPOEHHU BbPXY CTpaHuTe My. ToBa CBOMCTBO ce 3ara3Ba U KOraTo pas-
IJIeKaMe TICEBIOPABHOCTPAHHN TPUBHI'bITHHIIM.
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®urypa S

Or (2) , (3) u (4) 3a ypaBHeHusiTa Ha ipasure A4, AA;, BB, BB, , CC,
u CCJ nmawme:

AA; 1+(1—2ZO)(1—2)€0)\/§ y—_1+(1—2x0)(1—2y0)\/§72:O,

A4y 1—(1—220)(1—2x0)\/§ y- 1—(1—2x0)(1—2y0)\/§ z=0,

BBy 1+(1—2yo)(1—220)\/§ x- 1+(1—2x0)(1—2y0)\/§ z=0,

BB;': 1—(1—2y0)(1—2zo)\/§ xX— l—(1—2x0)(1—2y0)\/§ z=0,

CC, : 1"‘(1_2)’0)(1_220)\/% xX— 1+(1—2zo)(1—2x0)\/§ y=0,

CCy: 1—(1—2y0)(1—2zo)\/§ X— 1—(1—220)(1—2)(0)\/% y=0.
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Or YPABHCHHSTA Ha PABHTE AA;, BB, u CC, nonyuasame, 4e Te ce npecu-
yar B Touka I’ | KOOpIMHATHTE HA KOATO Ca CIIEIHUTE:

3 3 3

2-3x) +(1-2x) ) xp [ = 2-3p, +(1=21 ) you| = 2-32,+(1-22)) 254 | =
F' 0 0 0 A’ 0 0 0 A, 0 0/<0 A
3+(A+8x0yozo)‘/% 3+(A+8x0yozo)‘/% 3+(A+8x0yozo)‘/%

Ot ypasrenusita Ha npasute A4, , BB, u CC; nonyuasame, 4e Te ce npecu-
yar B Touka ", KoopiMHATHTE HA KOATO Ca CIIEHUTE:

I3 I3 I3
2-3xy = (125, ) x4 [ 2=3y, —(1=2, ) yos| = 2—320—(1—220)20 —
F 3A ’ 3A ’ 3A )
3—(A+8x,1y2,) ’X 3—(A+8x,2y2,) /X 3—(A+8x,1y2,) /X

Toukure F' m F" me napuuame mouxu na @epma, nopodenu om emuncama

k(O) (¢ur. 5).
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A GENERALIZATION OF THE FERMAT POINTS IN THE PLANE
OF A TRIANGLE

Abstract. It is considered a generalization of the equilateral triangles depending
on their circumscribed ellipses. It is obtained a generalization of the Fermat points
in the plane of a given triangle as a corollary of the corresponding construction.

Keywords: triangle; ellipse; Fermat points
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