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LAKJOUJIA

Asmmoeprenos Azamar, boxkaesa Moaaup,

Yypsimbaes bexknyp, Kannbioek Kancyiiren
Obracmuas cheyuanu3upo8anHas WKONA-UHMePHAMm OJid 00apeHHbIX Oemell ¢ yenyOnieHHbIM Usyde-
HUeMm pasnuyHvlx npeomemos — Axkmay (Kazaxcman)

AnHoTanusi. B 1aHHOI CTaThe Mpe/ICTaBICHbI PE3YIIbTaThl PAOOTHI TTOIKOMAH/IbI
KazaxcraHa — 4acTi MEXIyHApOIHON KOMaH[bl yuarmxcs. OHa Obuta co3naHa
JUIss  peajM3alii CETeBOr0 HCCJIEO0BATENLCKOTO TMPOEKTa «DHIMKIONEHS
3aME€UYaTCIIbHbIX IIJIOCKUX KPHBBIX: MHUIIEM CaMK. HpI/I BBIIIOJIHCHU U 3a}:[aHPIﬁ
YUCHHMKH TPOBOAMIN KOMIBIOTEPHBIE MCCICIOBAHUS C IOMOIIBIO POrPAaMMHBIX
nponykroB GeoGebra, Geometer’s Sketchpad m Maple. Jlns mokaszarenbcTBa
MTOJYYCHHBIX THITOTE3 UCIIOJIE30BAJICS METO/I KoopauHat. CeTeBoe B3auMOACHCTBHUEC
YY9aCTHHUKOB ITPOEKTA IIPOBOIUIIOCH B 00mauHoM cepBrce Google.

Kniouegvie cnosa: xpyr; KpuBasi; TpaCKTOPHS; LIUKIOHA

«OHIMKIONEINS 3aMEYaTENbHBIX UIOCKUX KPUBBIX: IHUILIEM CaMI» — 3TO MEX-
JIYHApOIHBII CETEeBOH KPayTCOPCHMHI — MPOEKT, KOTOPBIH OBbLT MPEIsiokKeH poc-
cuiickumu ydeHbiMu: jorieHToM [. A. KnekoBkuHbIM U nipodeccopamu A. B. Sc-
TpeboBbM U B. P. Maiiepom B 2017 rony. Uaes npoekra cocTosyia B IOATOTOBKE
CHJIaMHU YYalllUXCsl Pa3HbIX CTPaH MaTepUajoB JJIsl SJIEKTPOHHON 3HIUKIIONEANH.
Jns opranmzanun paboTel ObUT cozfaH calT «llumem cammy. OTnpaBHOW TOY-
KO MOCIYKWIM CTaTbU-MaTpHUIlbl, TOATOTOBIEHHBIN PYKOBOAUTEISIMH MPOEKTA.
Crarbu-MaTpuIbl — 3TO CepuH MH()OPMALMOHHBIX W HMCCIEAOBATEILCKUX 3a/ad,
B pe3yJbTare PeHIeHUs] KOTOPBIX JOJKHBI ObITh HAWICHBI U CHCTEMAaTH3UPOBAHBI
paHee U3BECTHBIEC B HAyKe U MOJyYeHBl HOBBIC PE3YJbTAThl O KaKOH-1100 U3 3ame-
YaTeNbHBIX KpUBBIX. B koHIEe cenTsiOpst 2018 roma Mbl mpUCTYNHIN K paboTe Hal
3aJa4aMu CTaTh — MaTpulbl «Llukmonaa», moaroroaeHHoN mpodeccopom A. B.
ScTpeOoBBIM.

OCHOBHBIE pe3yNIbTaThl HAIllel paOoTEHI.

1. ukaonaa-miockas TpaHcueHAeHTHast KpuBas. Llukionaa onpenensercs
KaK TPaeKTopusi PUKCUPOBAHHOM TOUKH MPOU3BOASALICH OKPYKHOCTH, KOTOpasi Ka-
TUTCsI 0e3 CKOJbKeHHUs 1o npsimoi (puc. 1). Ha3Banue 00pazoBaHO OT IpeYeCcKUX
CIIOB KUKAOG (KpYT, OKPYXKHOCTB) U £100¢ (MPOM3XOXKICHHE) — OyKBaIbHbIH
CMBICT ,,[TOpOXKAEHHAas kpyroMm™ . Ha3Banue eil ganm — [anuiel, KOTOpbl nepBbIi
n3ydai cBoiicTa 3Toil kpuBoil. B 1696 1. Morann beprymin nocrasuin 3amady o
KpPHUBOH ObICTpeiiiero ciycka — Opaxuctoxpone. SIxko6 bepuymnu, Jleliouun, Jlo-
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nutanb U HeroToH peIIWIA 3Ty 3ada4y U OOKaszajir, 4YTO TaKoM KpHBOfI SABJISACTCA
OUKJIouaa.
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Puc. 1

2. IuKJI0M/a M POICTBEHHbIE MUKIOUABI. O000IICHUEM ITUKIIOW/TBI SIBIISICTCS
TPOXOHUIa — TPACKTOPHS TOUYKH, CBSI3AHHOM C KPYTrOM, KATSAIIUMCS MO TPSMOH, HO
HaXOJSLIEHCS Ha MPOU3BOJILHOM PaccTOsSHUU d OT ero uenrtpa. Bciu d <7, To
KpHUBasi HA3BIBACTCS yKOpouennot yukioudoi. Kaxaas BeTBb ee UMEET BE TOUKU
nieperuda (puc. 2).

Yi

Puc. 2
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Ecimu d < r , T0 XpuBas Ha3bIBaeTCA yonunennou yuxkioudot. OHa UMEET TaK
Ha3bIBaEMEBIC Y3JIOBBIE TOUKH (puC. 3).

Y M

=
o

-

Q} X S P X

Puc. 3

Korna d =7 uukiouna Ha3bIBaeTCs €lle 00bIKHOBEHAsS WA OCMPOKOHEUHAS
yuxnouoa (Puc. 1).

3. IlapameTpHuyeckue ypaBHeHHs HUKJIOMIbI, YKOPOUEHHON W YIJIMHEHHOMH
uuKIomI. BeiBeseM mapameTpuyeckre ypaBHEHHs WHUKIOWABL [IpumeM mpsmyro,
0 KOTOPOM KATHTCsI KPYT pajuyca , 3a och adcucc. [IycTh B HCXOIHOM TIOJIOMKe-
HUM BBIYEPUYUBAIOIIAS TOYKA HAXOIMIIACH B HAYAJIC KOOPIMHAT, a MOCJIE TOro KaK Kpyr
MOBEpHYJICSL Ha yron ¢, 3ansuia nonoxkenue M (puc. 1). Umeem: x =0S —SP,
y=MS =CP—CN . Bbruucsisist 3JIeMEHTbI HAMCAHHBIX PA3HOCTEH, TOIYYHM, YTO
OP=MP=rt, SP=MN =rsint, CN =rcost. [logcrapnsia HaiiJcHHbIE 3Ha-
deHust B POPMYJIBI [t X U ), IOy9IUM [APaMETPUYECKUE YPABHEHHS [IUKIIOUIBI:

(1) x=rt—rsint, y=r—rcost.

Ecmu d — paccrosiuve Toukn M ot 1ieHTpa Karsmieics okpy:kHoCTH (puc. 2,
3), aHAJOTMYHO TOJyYaroTcs OOIIHe mapaMeTpUIecKue YpaBHEHNsI YKOPOUCHHOM
W YJUIMHEHHOW ITUKJIOU]IbI B BHJIE:

(2) x=rt—dsint, y=r—dcost.

VpasHeHust (l) OCTPOKOHEYHOMU IUKJION 101 nosyyarorest ot (2) npu d =r.

4. HexoTopble McCIeI0BAHUS HHKIOMABI. 13 ypasHenusx (2) ciexyer, 4ro
TIPY KOKJOM 1, , TOYKH [ KOTOPBIX ! = f, + 2k (k =0,£1,%2,.. ) TOXE HAXO0-
JSITCA HA paccMaTpuBaeMoil kpuBoit. Kpome Toro eciu £, = 0 TOUKH HepecedHns
KPUBOM U 0CIO a0CIMCC HMEOT KOOPIUHAT (2k7rr, 0) . CJie1oBaTeNbHO KpHBas siB-
JISETCS TIEPUOANYECKAs TIEPHOIOM 27TF .
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Yepes dopmynax (2) momydaercs, 9T0 X MOXKHO MMPEICTABUT KaK QYHKIHSA Y
CJIeAYIOIUM 00pa3oM

(3) x=r.arccosr;y—wla’z—(r—y)2 .

r;y <lwu a’z—(r—y)2 >0.Torma r—d<y<r+d.

Orcrona umeem —1 <

Criez10BaTeTbHO IMKJIONIA OTpaHUYeHa NpsiMbiME y=r—d u y=r+d. U3
BTOPOTO PaBEHCTBA (2) yBUIIEM, YTO Yy =7 —d TOrma W TOJKO TOT/a, KOTJa
t=2krx (k =0,%1, i2,...). Cien0BaTebHO caMble HUKHME TOUKHM LUKJIOMIOH
A, (2k72'r, r—d ) . OnsITh M3 BTOPOro PaBEHCTBA (2) Clelyer, uto ¥y =r+d Tor-
J1a ¥ TOJIKO TOT/a, Koraa [ = (2k + 1)7[ (k =0,£1,£2,.. ) Tax mosyyaercs, 4To
caMble BBICOKHE TOUKH LUKIOUIONH B, ((2k + l)ﬂr,r +d ) Korna d =7 umeem
A, (2k72'r,0) , T.6. caMble HIDKHHE TOYKH JieXKaT Ha abcuucHoi ocro. Toukn A,
(k =0,+1,%2,.. ) Ha3BIBAIOTCS 6epUILUHbl OCTPOKOHEUHOM LUKIOUm0M. Eciu
¥ > d , camble HIKHHE TOYKU YKOPOUEHOM LIUKIOMION JIeKaT Hajl aOCLUCHOM OcH,
axorga 7 <d , caMble HIDKHUE TOYKH YUTMHEHHON [MKIOUIOM JIeXkKaT 1oz abeiuc-
HOW ocH,

Celiuac ormetuMm, 4to Korma » >d, ypaBHenue X =rt—dsint=0 ecrs
tonbko oxHo pemenue ¢t =0. Korma » <d, ypasuenne x =rt—dsint =0 ecrs
TPU peLIeHus, OMHO U3 KOTobIX sBisgeTcs ¢ = (0. OcranbHble IBE PEIICHHS JAOT
OJIHY M TOXE TOYKY YUIMHEHHOM IUKIOMI0M. Takas TOuKa Ha3bIBAETCS OBOUHAL
mouxka. Ilycts ¢, #0 s KOTOPOTo BHIOIHEHO paBeHCTBO d SINt, = rt,. Torxa

JIBOMHBIE TOUKH YMIMHEHHOW IuKnounoi senprotces C, (2k7rr,r —Jd 2 rztg )
(k=0,£1,42,...).

5. lnuHAa ¥ IJI0IA/Ib OCTPOKOHEYHOM UKJIONA0i. 13 paBeHCTBaxX (l) cie-
JIYET, 4TO

4 (1 —cost) = 2rsin? L b rsing = 2rsin L cos k.
() X r(l cost) 2rsin 2,y rsint 2rsm20052

Jlnunaa [ apkod OCTPOKOHEYHOM NUKIOHMIOH, orpanudenoi npu 0<f <27,
IIOJIy4aceM M3 (4) cliesyromeM oopazom

2r [ .2 27, t
Z=I X +y dt=2rJ‘ sin—dt =8r.
0 0 2
[Imomans ¢ GUrypsl, OrpaHUYCHHON apKOH OCTPOKOHEUHOU ITUKIIONION IpH

1
0<t<2x, naxogum o popmyie o = Eg)xdy — ydx , T/Ie UHTerpa B3AT 10 [H-

b
roopem,
xiouse. Tak u3 (4) HOJIyYaeTcss O = —7I0 (¢sint+2cost—2)dt =371,
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6. CpoiicTBa KacaTeJbHbIX H HOPMAJIM LUKJI0MAbI. OOpaTuMcs K puc. 4, Bu-
aum, urto npsmass NK , npoxonsias yepe3 touky M utouky N mpoussossiie-

. Tt N
TO Kpyra, COCTaBIIAET C OChIO aOCIMCC yTOi, paBHBIN 5 —5. C nmpyroii cTOpoHHI,

IOJIB3YSICh (4) , IOJIy4aceM, YTO KaCcaTCjibHasl B TOYKC M wumeer er10130171 KOC(l)I/ILII/I—

X Tt .
CHT - = tg — —5 . CJ‘IeZ[OBaTeJ'IBHO MN SABJIIACTCAT KaCaTCJIbHOU K MUKIIONJEC

b% 2
i
B Touke M. Tak xax <NMP = 3 , To ipsimast MP Gyaer HOPMaIbIO UKJIOHIBI

B Touke M. Takum 0Opaszom, KacarenbHas K IUKIOHIC B TIPOMU3BOIBLHOM €€ TOUKe
MIPOXOMT Yepe3 BBICIIYIO TOYKY TIPOU3BOISIIETO KPyTa, 8 HOpMah Yepe3 HU3IIYIO
TOYKY. DTO CBOHCTBO OIPEIEIISCT MPOCTOM CHOCO0 MOCTPOCHHS KacarelbHOW H
HOpMaJIX B JIF00O0H TOYKE 3alaHHON [IUKIIOUIbI.

Yi

=y

Puc. 4

Paccmotpum Tpeyronsauk MTT, 06pa3oBaHHbINH BEpTUKAIBHBIM AHAMETPOM
HPOM3BOJIAIIETO Kpyra, KacaTelbHOM! K IIUKIOU e U HOpMaIlbio K Hell. Yron MTT,,
KaK BIIMCAaHHBIA B OKPY’KHOCTb, PaBEH MOJOBUHE LIEHTPAIBHOIO YIVIa, ONHparollle-

®»

rocsi Ha Ty € JyTY, T. €, paBeH — .
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Puc. 5

Iposenem MK 1 TT, uw ME 1 AB. Otpesok ME Oynem Ha3bIBaTh BbI-
coToif Toukn M 1MkiIouAbl U 0603HauuM /1. WTak, BbicoTa TOUkKH M LHKIO-
HJBI — 3TO PACCTOSTHHUE € OT HampaBisiomied npsmoit. O6paruM BHUMaHHE, YTO

XKMT =<<MT,T . U3 tpeyronsuuxa 1,MT mnomyuaem: MT =2rsin%, u3

tpeyroneuuka TKM : KT = MT sin%. ComnocraBisis 3TH pe3yabTaThl U 3aMe-

2
vast, yto K7 = h nonyuum: h = 2rsin ﬂ MBpI BBIpa3uix BBICOTY TOUkn M de-

pe3 yroi Mexy KacarelbHOW B Touke M W BepTHKabio. BeIpa3uM cuHyc 3TOTO
ymiia yepe3 BelcoTy. [lomyunm:

: [ h
sin? = |- =k,
2 2r
1 N
Tae k= 2— IIOCTOSTHHAA IS JAHHOU IIUKJIOWIbI.
r
Teopema. Cunyc yena mesicoy kacamenvHou K yuxiouoe 6 mouke M u eepmu-

KQJIb10 RPONOPYUOHANECH KOPHIO K8AOPAMHOMY U3 GblCOMBL.
ODTHUM CBOHMCTBOM 00JIaaeT JIr00as [UKION A,
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CYCLOID

Abstract. The present article describes the results of the sub-team of Kazakhstan
— a part of an International team of students, created for the realization of the net
research project “Encyclopedia of Notable Plane Curves: We Write by Ourselves”.
For completing the tasks, students made computer researches by using the software
products GeoGebra, Geometer’s Sketchpad and Maple. The coordinate method was
applied to the proofs of the corresponding hypothesis. The net interaction between
the participants has been carried out in Google Cloud.
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