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KAPIMOMJIA

Errennii Boponnos, Hukura Ilnaronos
Mynuyunanvroe 6100xcemnoe 0bueobpazosamenvhoe
yupexcoenue « Cpeonss wikona Ne 8» — Apxaneenvck (Poccus)

AnHotanusi. B cTathe TpeacTaBIEHBI pe3ynbTaThl paboThl Poccuiickoit
MTOIKOMAH bl I3 TOPOAa ApXaHTeIIbCKa—9IaCTH MKy HAPOTHON KOMAaH bl y9aIINXCSL.
Ora koMaHa Obly1a co3/1aHa JUTs pean3alni CETEBOT0 HCCIIE0BATELCKOTO TPOEKTa
«OHIMKIIONEANS 3aMeyaTeNNbHBIX MIIOCKUX KPUBBIX: MUIIEM caMmy. MccaenoBanue
npoBoamiocs ¢ ucnonszoBanueM UI'C GeoGebra. /[l foka3aTenbCTBa MOy YEHHbBIX
TUIIOTE3 UCIOIb30BAINCh METO/blI aHATUTUYECKON reoMeTpuu. st opranuzanuu
CETEBOT0 B3aNMO/ICHCTBUS yUYaCTHUKOB — oOnavyHble cepBruchl Google.

Kniouegvie cnoea: xpyr; KpuBas; TpaeKTOpHs; Kapauoaa

1. Kunemarudeckoe onpenenenue kapanouabl. Paccmorpum 3anauy: Ilycmo
OKPYHCHOCIb KAMUMCSL C GHEUHEl CIMOPOHbL NO OPY2OU OKPYICHOCHU MO20 JiCe
paouyca. Hapucyiime kpugyto, Komopyio onucuvlgaem npu 3mom mouxa, 3aKpenié-
HAs: HA OKPYICHOCU, HA paouyce HYMpU Kamsauelucs OKpYICHOCIL, HA NPOOOJ-
Jrcenuu paouyca kamsauetics okpyscrocmu (Smirnova & Smirnov, 2004).

J11st perieHust UCTonb3yeM HHTEPAKTUBHYTO reoMerpuueckyto cpeny GeoGebra. [To-
CTPOUB MOJIENb KaTAIIEHCs OKPYKHOCTH IO APYrod OKPY>KHOCTH, TIOJy4aeM CIIeIyro-
M pe3yJIbTaT: TOUKa B’ KaTsIielcs: OKPY>KHOCTH OIUCHIBACT KPUBYIO, H300PKEHHYIO
Ha prc. 1. [lony4yeHHyr0 KpHBYIO U3-3a CXOKECTH CBOMX OYEPTAHUI CO CTHIIM30BaHHBIM
n300payKeHUEM cepilia Ha3Bal Kapououooii. OTKpbITHE KPHUBOH MPHITHCHIBACTCS TOJI-
naHckoMy Matemarnky Koepcma. HaszBanme BBen urasnbsHckuil yuensii Kactunmion B
1741 r. 8 cratbe “De curva cardioide”. TepMuH COCTaBIICH U3 TPEYECKHUX CIIOB KOOI
(cepmue) u £100¢ (BH) — OyKBAIIBHBII CMBICI — [TOXOXKast Ha CEpILe.

Ilnockast KpuBasi, KOTOPasi ONMUCHIBAETCS TOYKOI OKPY:KHOCTH pajauyca I,
KaTsIencs M0 OKPYKHOCTH € TAKHM 3Ke PaJuycoM, Ha3bIBAeTCsl KapOuouooi.

Touka A — kacn KapANOUIBI WM TOYKA Bo3Bpara'), Touka V — eepuuna Kapauo-
UJIbl, OKPYKHOCTH — npoussoosiuue (Akopyan).

2. Kapmnonnaa kak yacTHbli cay4yail ynmutku [lackansi. Vi3MenuB B Moznenu
MOJIOKEHHE TOUKHU B, moy4nm cienytoiee: Eciu Touky B Oparh He Ha KaTsieics
OKPYXKHOCTH, a Ha paJuyce WU ero NpOJOKEHNH, TO MTOIYYHM KpHUBbIE, n300pa-
JKEHHBIe Ha pucyHKax 2 u 3. [lepByro U3 HUX HA3bIBAIOT YKOPOYEHHOU, a BTOPYIO
— VOIUHEHHOU KApOUOUOOU.
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Pucynox 1 PucyHnox 2 Pucynok 3

Bce Tpu Buza KpUBBIX MONyYdsid HazBaHue yauTok Ilackans. Takoe HazBaHue
uM fan gpanmy3ckuii Mmarematuk JKrone PoGepsans (1602 — 1675) mo umeHn ux
oTkpeiBatels DTbeHa [lackans — oria biiesa [ackans (Vilenkin & al., 1996).

Cdopmynupyem ompenenenue Ynutku [lackans cneayromum obpazom: Ilio-
CKas KpHBas, KOTOPas ONUCHIBACTCH TOYKOM, JIesKallleil Ha J1y4e ¢ BepPIIMHOMI
B LEHTPe OKPYKHOCTH pajuyca I, KaTsieicsi Mo HemoJABM:KHON OKPYKHOCTH
€ TAKHMM ’Ke paguycom, Ha3piBaetcs ynumxoil Ilackana (Savelov, 1960).

Takum 00pa3om, KapIUOUIa SBISIETCS YaCTHBIM cIy4aeM yauTku [lackams.

3. YpaBHeHuHe KapaIuouabl B MOJIAPHOH cHcTeMe KOOpPAMHAT. BriBenem ypaBHe-
HUE KapJMOU/IbI B MOJSIPHOM crcteMe koopauHar. [lycts okpyxHOCTh (4, AO) — Henon-
BIDKHASI, & OKPYXKHOCTB (B, BM) — nogswxknast, AO=BM=r. [lycts nonmoc O nomisipHOH
CHCTEMBI KOOPIIMHAT HAXOAWTCSI Ha HETIOJBMIKHOW OKPYKHOCTH M COBIIAIACT C HAYaIOM
JBYDKEHMST TIOJBUIKHOM, a TOJISIPHAst OCh COBMAaeT ¢ HampasienueM Jyda OA. [lycts
M — nipon3BONBbHAS TOYKA HA KapIHOW/IE C TIOJSIPHBIMU KOoOpauHaTamH (7, ). Beipasum
7 yepes j mosysich paseHcTBoM 2 = OM = 0C + MC.

\

\
\M

Pucynok 4
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1. Paccmotpum yetsipexyroabiuk AGMEB. Umeem HA = AO = r; GB = BM =
r. 3HauuT, npsmele HG, AB, OM napamienbHsl (110 TeopeMe, 00paTHOI TeopeMe
®aneca). Torna, ABIOM, 3suauur AOMB — Tpanenus;

2. AO=EBEM=r = AOUOME - paBHoOenpeHHast Tpameuus W
LZAOM = £0MB = g,

3. Pacemorpum ACM B, 3necy BC = BM = r = ACME — paBHoOenpeHHbIH,
£LBCM = 2£CMB = @, /MEBC = 180° — 2¢;

4. Ilo Teopeme KOCHHYCOB HaiiieM MC:
MC?* =r* 4+ r* — 2r®.cos(180° — 2¢). IlpeoGpasyeM CymMMy, HCIOIB3ys
(bopMyJIBI IPUBEACHNUS M JBOMHOTO yIila Il KOCHHYyCa!

MC® = 2r® 4+ 2r® cos 2¢=2r"(1 + cos 2¢) =2r°2cos” = 4r” cos o,
otkyda M = 2r cosg;

5. Ilo ceoiicTBy napamnenorpamma QC = 21, 3HAUUT,

OM = 2r + 2rcos@=2r(1 +cosg).

Tak nony4uny ypaBHEHHE KapAHOH bl B TTOJISIPHON CHCTEME KOOP/IMHAT:

p=2r(1+cosg).

4. IlapameTpuyeckue ypaBHeHHsi Kapauouabl. [locie NOCTOHOBKU ypaBHE-
HUEM KapAWOUIbl B MOJSPHOW CHCTEME KOOPAMHAT B PaBEHCTBAX X = [ COS ¢J;
¥ = p sin @ noxyyanTCs CIACAYOINE TapaMETPHUICCKUE YPABHEHUS KapAHOHIbI

x = 2rcosg(cosg + 1]]
v =2rsing(cose + 1))

B UI'C GeoGebra Mo>xHO 3a1aTh B CTPOKE BBOJA KOOPAMHATHI TOYKA M ¢ 1O-
MOIIBIO TOJYYEHHBIX (GOPMYII, & caMy KPUBYIO MOCTPOUTH C MOMOLIBIO HHCTPY-
MeHTOB Ocmasnsims cieod unu Jlokyc (puc. 6). Ecnu u3smMenuts B mapa-
METPUYECKOM 3aJ[aHHU KapJMOUbl 3HAK IUTIOC Ha 3HAK MHHYC, TO MOJYYHTCS Ta
xe camas kapauonaa. O00CHyeM MoTydeHHBIH (PaKT C ITOMOIIBIO KOMITBIOTEPHOTO
JKCIIepuMeHTa. B iepBoM citydyae mocTpoeHre KapAHOUAbl HAYMHASTCS U3 MOJI0Cca
KapJIMOHIbI, & BO BTOPOM — M3 Kacra WM TOYKH Bo3Bparta. TakuM oOpa3oM, ypas-
HEHHE KapAXOUIbl UIMEET BH/I:

p=2r(cosg+ 1)
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Pucynok 5 PucyHnok 6 Pucynox 7

5. YpaBHeHHe KapAuOHWABI B /ICKAPTOBON cHCTeMe KOOPAMHAT. BriBenem
ypaBHEHUE KapAHWOWIBI B JIeKapTOBOW cucTeme koopauHar. M3 AOAM (puc. 5)
nMeeM:

& x
=Jx¥+y% cosp = ——.
y oy

[ToncTaBuM naHHBIE paBEHCTBA B YPaBHEHHE KapAHOUIBI C YIETOM 3HAKOB *:
— X
M =21r‘(li——ﬂ ﬂ)
JET YT
[IpeoOpasyem ypaBaenue. CHauana u30aBUMCS OT IPOOH, a MOTOM OT MUppallH-
OHAJILHOCTH:
——= 224324
JX<+ys=2r (—1’ SmE A )
JrThy?
x2+yi= 2?‘(\.-x3 + 7 ix),
X+ 4 2r = 2rx% + 7,
(2 +y2 2 2rx) 2= 4r3(x2 + 7).
Wrak, kapauonga — anredpandeckas KpuBas 4eTBEPTOTO MOPSAKA, UMEIOIIAs B
MPAMOYTOJILHOM JIEKapTOBOM CHCTEME KOOPAUHAT YpaBHEHHE:
(x*+v2 £ 2rx) 2 =4r3(x* +v2).
Kapmnonmy B UI'C GeoGebra MOKHO IMTOCTPOUTH, BBEIS €€ YpaBHEHUE B CTPOKY
BBOJIA.

6. Ilpeodpa3zoBanne kapauounabl B yautky [lackans. Packpoem ckoOku B
YpaBHEHUHN KapAUOUIBI & = 2r(cos@ + 1) = 2rcos@ T 2r u 3aMeHuM Cla-

raemoe 27 Ha napametp a: @ = 2rcos @ + a. Koopaunarsl Touku M, nexarueil Ha

ATOW KpUBOU OYIyT 3a/1aBaThCs YPABHCHUSIMU:
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x = (2rcosgt a)cos g
{}r = (2rcosg £ a)sing
[TpoBeéM KOMITBIOTEPHBIN SKCIIEPUMEHT: OyIeM MEHSTh YHCICHHbBIC 3HAYCHHS
napameTpa ¢ 1 HaOIIOAaTh, KaK IPU 3TOM MeHsieTcs GopMa KpuBoil. B xome xom-
HBIOTEPHOT'O HCCIIEI0OBAHMS, MBI IIOJIYYHIIN CIIEYIOIINE PE3yIbTaThI:

— TapamMeTpudecKue ypaBHeHus ynuTka [lackas.

1) ecim @ <X 21, T0 Moy4eHHas KpUBast ABJIAETCS YIIMHEHHON KapIHOM/IOH puC. 8;
2) eciin @ = 21 — xapauousIoii puc.9;
3) eciu @ = 21, — yKOPOYEHHOU Kapauouaoi puc.10.

a=22 o * e

Pucynox 8 Pucynox 9 Pucynok 10

BeiBon ypaBHenust ynuTku Ilackans B AekapTOBOM cHCTEME KOOPJAMHAT aHa-
JIOTMYEH ypaBHEHUIO KapAHOMIbl. B pesynprare nmpoBen€HHbIX IpeoOpa3oBaHuil,

IOy YHM: L ) o
(x=+vy" +2rx) " =a (x~+y°).

7. CBoiicTBa M MPU3HAKH KapaMouasbl. Pemenue cnenyrommx 3anayd (Vasilev
& Gutenmaher, 2000) naét emE HECKOIBKO CIIOCOOOB MOCTPOCHUS KapIHOUIBI U
(bopMyIHPOBKH €€ OTpe/IeNICHHS.

3anpaua 1. Ymo npedcmasnsiem coboil MHONICECTNBO OCHOBANHUU NEPNEHOUK) IS~
PO8, ONYUWEHHBIX U3 MOUKU OAHHOU OKDYICHOCIU HA 6CEB03MOICHBLE KACAMENbHbLE
K Heu?

640



Kapououoa

o

Pucynoxk 11

Pemenune mamuoit 3amaun B UI'C, mokaspIBaeT, YTO MONy4aeTCs KapAHOU-
nma. Jlokaxkem 3TOT ¢akT reomerpudeckd. IlycTh maHa OKPYKHOCTH pagmyca
R, a — xacarenbHas K OKpY>KHOCTH B T. B. O003Ha4nM uepe3 ¢ BEIUYUHY yIJia
BOF. Tloctpoum b L a, OF | [BD. JlokakeM, 4To MHOXECTBO BCEX TOUEK, TIO-
CTPOCHHBIX TaKUM 00pa3oM, SIBISIOTCS Kapauouaou. s storo Beipasum CD

gyepe3 yron j. Umeem €D =CE + R, ED = OF = R, PaccMOTpUM TIpsIMO-
yroneueii AQEC: % =cose, OC=R, %E= cos@, CE=Rcosg,
CD =Rcos¢g + R = R(cosg + 1). Ilycre C — MOTIOC MONSAPHONH CHCTEMBI

KoopauHat, torna r=R (cosgp + 1) - ypaBHEHHUE KapAHOUIBI C MPOU3BOIAIICH

R
OKpPYKHOCTbIO paauyca " = —. Takum oOpa3om, Touka De kapauoune. [eomerpu-

YECKOC MECTO TaKUX TOYCK — Kapauounjia.

3agaua 2. Ymo npedcmagisem coboll MHONCECBO BCEX MOYEK, CUMMEMPU-
HbIX ONPedenéHHol mouKke OAHHOU OKPYICHOCU OMHOCUNENbHO BCEBOZMONCHBIX
KacamenbHulX K IMOU OKPYIHCHOCIU?

[MycTh @ — nanHast OKPY)HOCTh, O — OnpeIenéHHas TOUKa OKPY>KHOCTH, a — Ka-
carenbHas K @, M — Touka, cHMMeTpHuHas Touke O OTHOCUTENBHO MpsiMoii . TTo-
CTPOUM OKPY)KHOCTh @', CHMMETPUYHYIO JaHHOU (@ OTHOCUTEILHO KacaTelbHOM!,
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npoxozsmen epes Touky B . Torna @’ MOXKHO paccMaTpuBaTh Kak OKPYKHOCTB,
KaTsnyrocs mo ®. Kpome Toro, ® u ®' UMEIOT OJMHAKOBBIC PAJMYChl, 4 TOUKA
M e ®'. CnenoBareibHO, MHOKECTBO BCEX TAKHX TOUCK M SIBISCTCS KapauOUA0H
(KMHEMaTHYeCKOE ONpeIelICHUE KapIUOHIbI).

Pucynok 12

3apaua 3. Eciu na xadxcoou npsamotl I, npoxoosueti uepez mouxy A oanmnou
oKkpyscHocmu 0 paouyca v, omaodicums om mouku Q nepecevenus l u o (A + Q)
ompe3ox QM Onurbvl 21, MO MHOX’CECIBO 8CEX NONYUEHHBIX MAKUM 00PA30OM MOYeK
M 6yoem kapououdot.

[ycts £LQAC=], Touka C nuameTpaibHO MPOTHBOMONOKHA Touke 4. AAQC —
npsiMoyronbHelit, AQ=2rcosj. Torna AM=AQ+QM=2rcosj+2r=2r(cosj+1). B mo-
JIIPHOM CHCTEME KOOpIUHAT OymeM UMeTh: r=2r(cosj+1) — ypaBHEHUE KapIHOWIHI.
Crnenmyet 3aMeTHTh, 4TO ecit OQM'2r, To Touka M OyneT OnmuCHIBaTh YIJITHHEHHYIO
WA YKOPOUEHHYIO KapIUOHIY.

Pucynoxk 13

642



Kapououoa

Wrak, mopenuposanne B UI'C GeoGebra mo3BoNMIiIO0 HAISHO TPOIEMOHCTPH-
pOBaTh PA3JIMYHBIC OMPE/ICIICHUS KaPIUOUIbI, PACCMOTPETh CIIOCOOBI €€ MOCTpOe-
HUS B CUCTEME KOOPIUHAT.

INPUMEYAHMUA

1 ‘Touka, B KOTOpOH JBE pa3iIM4YHbIC BETBU KPUBOI MMEIOT OOIIYI0 KacaTelbHYIO U
PacHoIOKEHBI 10 Pa3HbIE CTOPOHBI OT KacaTeIbHOMN, Ha3bIBAETCS TOYKOM BO3BpATa.

2. https://www.sites.google.com/site/pisemsami/

3. AxonsiH, A. Teomerpust kapamouzab, MIJHMO. http://www.mccme.
ru/~akopyan/papers/cardioid.pdf.
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CARDIOIDE
Abstract. The paper presents the results of the work of the Russian sub-team

from the city of Arkhangelsk — a part of the international team of students. The
team was created in connection with the realization of the net research project
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Kapououoa

“Encyclopedia of Notable Plane Curves: We Write by Ourselves”. The research was
made by using the software program GeoGebra. Methods from Analytical Geometry
were applied for proving the corresponding hypothesis. The net interaction between
the participants was carried out in Google Cloud service.
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