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AuHoTtanusi. B crathe JaHO HOBOE  AHHUMAIMOHHO-TEOMETPHYECKOE
[IPE/ICTABJICHUE TOJMHOMOB HA KOMIUICKCHOH IJIOCKOCTH MpPU YCJIOBHH, YTO
MOJIyJIb KOMIUIEKCHOW TIepeMEHHOW paBeH 1, B BHAE CIYTHHKOBBIX CHCTEM.
AHAJIOTUYHOE TPEACTABICHUE B BHJC MPOCTPAHCTBEHHBIX CIIyTHHKOBBIX CHCTEM
JIAHO TSI TOJITMHOMOB OT KOMIUIEKCHOU TIepeMeHHon Z , | Z | =1, koo puumentsr
KOTOPBIX SIBJISIFOTCSI BEKTOPHBIMH KBAaTCPHUOHAMH (X CKaJISIpHAs YacTh paBHA
uymio). IlpencrasieHa 3(p(eKTHBHOCTh U 11€1€CO00Pa3HOCTh HCIIOIB30BAHUS
AHUMAIIMOHHBIX PUCYHKOB KaK CPE/ICTBA BU3yaIH3allMi MAaTEMaTHUECKUX 3HAHHN B
COBPEMEHHOM JTU/IAKTHKE 00Y4YEHHs MaTeMaTHKe.

Kniouesvie crosa: anumannonnsie pucynku; GeoGebra; CliyTHHKOBasI CHCTEMA,
KOMIUIEKCHBIC UMCJIa; KBATEPHUOHBI; MHOTOUJICHBI

BBenenue

Marepuan cTarbu UMEET JIBa aClEKTa: YUCTO MAaTEMaTUYECKUM U METOANYE-
ckuil. C MaTreMaTuuecKo TOYKH 3PEHUS MPEICTABICH HOBBIH aHUMAIMOHHO-TE-
OMETPUYECKHUI B3MJIsI HA MHOTOUYJIEHBI OT KOMILJIEKCHOM MTIEPEMEHHON Z TIpHU ycC-
JIOBUH | z | =1 kax na CIIyTHUKOBBIE CUCTEMBI Ha INIOCKOCTHU U B IPOCTPAHCTBE.
DTOT Marepual B IIKOJE U B MEJArOTHYCCKOM BY3€ MOXHO HCIOJB30BAaTh KaK
OCHOBY ISl OpPTaHM3AIUU Yy4eOHO-UCCIICIOBATEIIBCKON ACATEIBHOCTU, PACIIIN-
psroIed u yryOsstomedl 00s3aTelIbHbIe 3HAHMS 110 KOMIUICKCHBIM uuciam. C
METOJIUYECKON TOYKHU 3PEHHUS B CTAThE IEMOHCTPUPYETCS POJIb U 3HAUEHUE aHU-
MallMOHHBIX PUCYHKOB, BBITIOJHEHHBIX B KOMIbIOTepHOU cpene GeoGebra. OHu
HE TOJIBKO TO3BOJISIIOT BU3YAJIM3UPOBATh MATEMATUUECKHUE MTOHATHUSA, HO U €1aTh
MaTeMaTHYECKUE YTBEPKICHUS OYCBUIHBIMU B OYKBAJIHLHOM CMBICIIE 3TOTO CJIOBA
(nx «oum BuuAT»). KpoMe TOro, oHM MpPUOOIIAIOT 00yYaeMOro K TEXHOJIOTHIM
Jutst Oyyniero, GopMupyst IMYHOCTh, KOTOpasi IpU3BaHa PACKPHITH CBOM TBOpUE-
CKHI1 MTOTCHIIMAJI B YCIIOBUAX IU(PPOBOH 3KOHOMHKHU. AHHUMAIIMOHHBIC PUCYHKHU
MTO3BOJISIFOT AKCIIEPUMEHTUPOBATh, MOJJICPKUBAsT UCCIIECIOBATSILCKUI CTHUIIh 00-
YYCHHsI MAaTeMaTUKe, U MIPEJICTABISIOT COOOW AIEeMEHTHI U(DPOBU3AUH 00pa30-
BaHMUs.
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Bri6op nporpammer GeoGebra 00yciioBiieH TeM, 4TO OHa CBOOOIHO pacipocTpa-
HSIETCSI, COIEPIKUT JOCTATOYHO MUPOKHIA UHCTPYMEHTAPHUI U IPOCTa B OCBOCHHHU.
NurepHer-pecypc Geogebra.org! comepskut 60bIIOi 00beM JEMOHCTPAIHOHHO-
ro y4eOHO-UCCIIeI0BATEIhCKOTO MaTepralia, KOTOPBIA HETIPEPHIBHO MOTIOTHSIETCS.
C paboTtamu aBTOpa B 3TOM HAlpaBICHUU MOXKHO MO3HAKOMUTHCS TIO ITyOIHKAIIH-
sAM, IICPEHYUCIICHHBIM B CIIMCKC JIMTCPATYyPhbI.

1. CiyTHHKOBasi cucTeMa NOPSIAKA 1 U ee olpele sl MHOTOUYJIeH

[IpencraBum cienyromyro KapTuHy. Ha KoopAMHATHOHN MJIIOCKOCTH Havaso
KOOPJAMHAT HAa30BEM 3Be310i. Bokpyr 3Be3abl M0 KpyroBbIM opOUTaM Bpalua-
I0TCSl TOYKM — CIIYTHHMKHU 3Be€3/bl. BOKpPYr HEKOTOpBIX M3 HHUX IO KPYTOBBIM
opOuTam BpamaloTcs TOYKH — CIyTHUKHM CIYTHUKOB, W Tak janee. Kak anre-
Opandeckn onmucarh TaKylo CIyTHHKOBYIO cuctemy? I[lpexze, yem mepeiTn K
pEIICHHIO 3TOH 3ajJauu, AaJAUM KOHCTPYKTUBHOE ONPEICICHHE CIIyTHHUKOBON
CUCTEMBI MOPsAKA M, @ JUIsl 3TOTO IPEJBAPUTEIILHO BBEIEM BCIIOMOTATENIbHOE
MOHSTHE.

Omnpenenenue 1. Habopom yucnosvix napamempos cCnymHuKo8ou cucmembl no-
paoka 1 uasosem samuch Buna S((7, py,k,),....(¥,, p,.k,)) . e 1,....,r, —
MOJIOKUTENbHBIC JIEHCTBUTEIbHbBIC YHCIIA, Ha3bIBAEMBIC paduycamu opoum CIyT-
HUKOB CHCTEMBI, P ,..., P, — LEIbIE HEOTPHUIATEIBHBIE YUCIIA, HA3bIBAEMbIE
noxkazamensimMu 6paujenus CIlyTHUKOB, kl ,...,kn — KOMIUIEKCHBIE YHCIIa, MOAYJIb
KOTOPBIX paBeH 1, KOTopble OyneM Ha3bIBaTh V2l108biMU KOIPpuyuenmamu CiyT-
HUKOB.

CdhopmynrpyeM KOHCTPYKTHBHOE OIPEACTICHUE CITyTHUKOBON CHCTEMBI OPSIII-
Ka 71, ONIMCHIBAs €€ MOCTPOeHNe. AHUMAIIMOHHBIN PUCYHOK 1 J€MOHCTPUPYET 3TO
nocTpoenue s 1 =3 .

Omnpenenenue 2. CnymHukogou cucmemou nopsoka N, 3aJaHHON HaObOpOM
YHCIOBBIX MAPAMETPOB S ((I”l > Dy kl ) (I”n s D> k p )) , Ha3bIBAETCS MOCIEN0BA-
TEJIbHOCTh TOUEK 00 R O1 5++-y U, , KOTOpAs CTPOUTCS CIIEMYIOMUM 00Pa3OM.

1. Ilocmpoenue ucxoouvix dannvix. Hauano koopauHat 0003HAYUM Oo U Ha-
30BeM 3Be3/10i. CTpOMM eIMHUYHYIO OKPYKHOCTh U OTMEYaeM Ha Hel TOUKY, H30-
Opa’karollyr0 KOMIUIEKCHYIO IIEPEMEHHYI0 Z, KOTOpPYIO OyleM Ha3bIBaTh HE3aBU-
cuMoil mianeToil. Ha eanHMYHON OKPY)KHOCTHM CTPOMM TOYKH, M300pakarorine
YIJIOBBIE KOA(P(PHULIUECHTHI k1 ,...,kn . BBoguM yrisl (9 = arg(z) , O = arg(kl),

s O, = arg(kn) . Ilon3yHKaMu BBOUM PayChl OpOUT ns..., ¥, M II0Ka3aTeIH
BPAIICHUH P, ,..., D, .
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CITYTHUKOBASI CUCTEMA TTOPSIJTKA 3
S((ry = 1.5,p1 = 1,k = 0.91 + 0.411), /
\ (ry = 1.7, p2 = 2, ky = 0.45 + 0.890),

(r3 =0.8,p3=1. k3 = —0.35 + 0.94()

¢ | .

S = 5(2) = riky 2" 4 rok ko TPIR ol hokeg 2P PE R —
= (1.37 + 0.620)2" + (0.06 + 1.70)z* + (—0.76 — 0.261) 2"
Puc. 1. Cron-xaap aHIMAaIMOHHOTO N300PaKEHUS
CITyTHUKOBOM CHCTEMBbI

2. Hauano nocmpoenus cnymnukogoii cucmemul (IOCTPOSHNE NIEPBOTO CITyTHU-
Ka 01 ). CTpouM OKpPYKHOCTH C IIEHTPOM B TOUKE 00 U paJinycoM 7; , oJIy4yaeMm
opOuty mnepBoro crnytHuka. CTpouM Jiyd OoZ U OTMEYaeM TOUKy A, mnepecede-
HUS JIyda U MOCTpoeHHOU opOuThl. [ToBopaunBaem ToUKy A1 BOKpYT Toukn (J;
Ha yroi () + P ¥ noiy4aem TOUKy, KOTopas sBIAETCS NEPBLIM CriyTHUKOM (J,
(CTIyTHUKOM 3BE€3/IbI 00 ). Ecnmu # =1, o nocrpoenne 3akonyeno. B nporuBHOM
cllydae ImpoJ10JIKaeM MOCTPOESHHUS.

3. Llae nocmpoenus (MOCTpOEHHE CIENYIONMIETO CIyTHUKA). [lycTh yxe mo-

CTpPOCHA KpyTOBasi OpOUTA M HA HEH CITyTHUK Oj TUTS OH . Ctpoum op0OuTy cie-
IYIOIIETO CITyTHUKA 0}.+1 B BUJIE OKPY)KHOCTHU C IIEHTPOM B TOUYKE Oj U paany-

coM 7. Crpoum 1yu O .710 ', ¥ BBIICIIAEM U3 HETO JIyH C HAYaJloM B TOUKE @ Iz

HE COIEepKAIINUN TOYKU i1 Otmeuaem Touky A 41 TIEPECEUCHMUS ITOTO Jyya ¢
MOCTPOCHHOH OpOUTOM. HOquaqHBaeM Touky A j+1 BOKPYT TOUKH 0] ; Ha yron
A + PP nnonydaem ] + 1 -it ciythuK O].+1 .Ecmm j + 1 =n, 1o nocrpo-
€HUe 3aKOHYeHO. [1Haye BBINONHAEM OdYepeaHON mar nocrtpoeHus. IlocTtpoeHHas
CIIyTHMKOBAsl CUCTEMA NOPsAIKA #I IPUXOAUT B JIBUKEHUE ITPU aHUMALUU HE3aBU-
CHUMOM IJIAHETHl Z MO €IMHUYHON OKPYKHOCTH.

I'eomeTpryecKuii CMBICH IOKA3ATEN BPALEHU D) j CyTHHKa O ; TIpOCMaTpu-
BAcTCs B ITIOBOPOTE TOYKU A j Ha yroxn O, + D;Q, IPUBOIALIETO K OCTPOCHUIO
cnytauka O ; IMCIIO P ; TIOKA3bIBAET KONIMHECTBO 00OpOTOB CIIyTHHKA, COBME-
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AIOIINX €ro ¢ Toukoit A » 38 BPEMsI OJTHOTO 000poTa HE3aBUCHMOH TUTAHETHI Z
1o cBoe# opbOure. [Js/11 Ha aHUMAIIMOHHBIA PUCYHOK, MOXKHO TOJICYUTATh KOJIH-
4ecTBO 0OOPOTOB CITyTHUKA O BOKpYT 0 1 3@ 3TO XK€ BPEMS U yOEIUThCs, 9TO
oHO paBHO 1+ pt..t P q)aKT KOTOprI/I Oyzner nokasaH HUKe. B aTom erne
OJTHO TIPOSIBIICHUE reOMeTqueCKoro CMBICIIA TTOKa3aTesied BpalleHHs.

Jnist anreOpanyeckoro ONMUCAaHUsI CITYTHUKOBOM CHCTEMBI MOPSIAKA /. BCSKYIO
touxy (a@,b) xoopammHaTHO# MmIOCKOCTH GyaeM TPaKTOBaTh KaK KOMILTEKCHOE UHC-
10 @ + bi v xoopaMHATHYIO MIIOCKOCTH HA3bIBaTh KOMILIEKCHOI MII0CKoCThIO. Clie-
JYIOIIasi TeopeMa MOKa3bIBaeT BUJ alreOpandeckod 3aBUCUMOCTH CITyTHHKOB KaK
KOMITJICKCHBIX YHCETT OT He3aBUCUMOM IJIAHEThI Z (HEe3aBHUCUMOM MTEPEMEHHOM ).

Teopema 1. Ilycms 0ana cnymuukosas cucmema nopsaoka N Habopom 4ucio-
6bIX napamempos S ((l’l, pl,kl), ( R pn,k )) u usobpasicenusmu na niocko-
cmu 36e3061 — mouku (), 6 nauane KoopduHam, nianemvl Z — MOYKU HA eOu-
HUYHOU OKPYICHOCIU U CIYMHUKO8 O O NOCMPOEHHBIX 8 COOMBEMCNEUU C
onpedenenuem 2. Tozoa 0ns 106020 | —1 . ,n

1
O, =rkz"" +rkk,2""" + k. k2T

npuuem Ko2oa nianema Z cogepuiaenm 0OuH o6op0m BOKpY2 36@30bl 0 CRYMHUK
0 Oenaem ( ; = =1+p +..+ P ; obopomos 60pr2 0, T

I[OKaBaTeJ'ILCTBO 1) Ha pucynke 1 Bugum, 4To | | | 7, ¥ 10 NOCTPOEHHUIO
argO =@+ o, + p,@. CrenosareinbHo, O —I”lklz o . Orcroma crnenyer,
4TO 33 OJUH 00OPOT TOUKU Z I10 €IUHUYHON OKPYKHOCTH TOYKA O coBeplIaeT
BOKDYT Havaya KoOpIuHaT ¢, = 1+ P, 060poToB.

2) PaccmarpuBas Ha pucyHKe 1 mapasienorpamm 000102C2 U €ro BeplIu-

Hpl Kak kommexcubte wncna, norysaem O, =0, +C,, |C,|=r,. Ilpu na-
pamtensueix Q,0, n O, C U ceKylei 00/12 OTMETHM pPaBEHCTBO YIIIOB
£0,0,C, = 240,0,, otyaa

argC, = ZEQ,O, + £0,0,C, =
=argO + o, + prp =@+ + pp+a, + p,p=a,+a, +(1+p +p))e.
1+p+ 1 1
Crenosarensuo, Cy = nkik,z P77 w O, = nkz"" + rk e,z 77
3) 1 IycTs s j=2 1 JI0Ka3aHo, 4TO
1 +p ot
0 —I’lkZ+p1+I’2ka+pl+p2+ +I’k k PRy B napai-
nenorpaMMe 0, O 10 C BEpIIMHA C KaK KOMIUIEKCHOE YHCJIO BbI-
l+p+.+p;
paxkaercs uepes Z paBeHCTBOM C =rk,.. k . Paccmorpum

J
napajuIeIorpaMm O 0 0 C Ho HOCTpoeHmo, | u

argC,, =argC, +a;, + pﬁ_l(D.CJIeI[OBaTeJII)HO,
argC, =y +..+a,+(l+p +.p)o+ta,, +p,,@=

j+l | ]+1
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=0+t o, +a,, + (14 p et D+ )P

Orcioma C,,, =1, k,..k ., ZP 4P Ocraeres saments, aTO 0,=0+C,,

U3 pokaszamsoit  ¢popmymsr g ()., paccmarpuBas mapaluzesiorpaMm

J
000‘_10jC ., BujuM, uto touka O . cOBepIIacT BOKPYT TOYKH 0] .| CcTONBKO
xKe O()JOpOTOB, ckobko copepmaer Touka C ; BOKPYT Hauana koopausat. U3 ¢op-
vyt s C ; BBITEKAET, UTO 3TO YUCIIO PABHO § ; = 1+ pyt...+t p,;. Teopema
JI0Ka3aHa.

Hanpumep, Ha pucynke 1, pacemarpusas napamtenorpamm  O,0,0,C;,
BUIMM, YTO MO TIOCTPOEHHIO, | C3 |= r, u argC=argC,+a;+p;p.
Creq10BaTenbHo, argC,=a,+a,+(1+ p, + p,)p+ (ﬁp—l)—rppgl? =

j— 1 2 3
a,+a,+a,+(1+p, +p,+ p)e, oxyra C, =rkk,k,z

O, =0, +C, =1k z"" + rkk,z"""7 + rk ke ke z P

Ha pucynke 1 ogHOBpEMEHHO MpeJICTaBIEH ONPENeSIIOIINIA TTOJIMHOM CITyTHH-
KOBOM CHCTEMBI B CMBICTIE CJIETYIOIIEro OMpe/eIeHus.

Onpenenenne 3. IlycTe cyTHUKOBasi cucTeMa IopsAaka 1 JaHa HabOpoM ee
YICIIOBBIX TAPAMETPOB O ((I’l, pl,kl),...,(rn, pn,kn )) . [Tonnaom

s(z) =rk 2" + nkk,z P kL ke 2P
Ha30BEM 0npedensioujuM NOTUHOMOM JAHHOM CITyTHUKOBOH CHCTEMBIL.

Ha annmanimonnoM pucyHke | BUIUM, UTO MOCJIEAHUNA CITyTHUK 03 COBIIAAAET
¢ Touxoit S = §(2) npm | z | =1, uto monTBepxaeT TeOpemy 1.

HenocpencteenHo u3 onpeneneHus 3 BHITEKAET, YTO MOCIEIHUN CITyTHUK CITyTHH-
KOBOM CUCTEMBI NOPSZIKA 71, OCTaBILASA CIEM, BBIUEPUMBAET KPUBYIO, KOTOpAsl SIBIISIETCS
00pa3oM eJMHIYHON OKPY>KHOCTH TIPH JACHCTBUN HA KOMIIJIEKCHOH IJIOCKOCTH OTpe/ie-
nsirorero MuorowteHa. OOparnasick k crarbsm (Larin & Mayer, 2018), (Larin, 2019),
MOYKHO YCTaHOBHUTb, UTO 3Ta KpUBasl sABJIsIETCs yuTKOM [Tackanst nopsiika 71 .

2. [TocTpoeHue CIyTHUKOBOM CHCTEMBbI MOPSAKA 1 110 MOJUHOMY

JlokaxkeM TeopeMy, KOTOpasi BBICBEUMBAET IyTh MOCTPOEHUS CITyTHUKOBOW CH-
CTeMBI TIOpsIIKa /1 10 JAaHHOMY MOJMHOMY.

Teopema 2. Ilycmv Oan nonumom ¢ HeHYNEGbIMU KOMHAEKCHbIMU KO-
uyuenmamu om  romnnexcnoii nepemennou S(z)=a 12 o+ a,z™",
20e 0< q, <..<4,, | z | =1. Hocmpoum edunuumyio oxpyscrnocme U mou-
ky Z na neil. Ilocmpoum mouxu Sy;=0, §. = alqu f..+az" om
j=1,...,n. Tozoa nocnedosamervrnocmv mouek SO: Sl peens Sn a6nsemcs
CHYMHUKOBOU cucmemoli nopsioka N, 3a0aHHOU HAOOPOM YUCIO8bIX NAPAMEMPOE

S((n, p, k), (1,,p,,k,)), 20e rj=|aj, %=1, p,=9,-9,,,

a la,
_ A
k,=———

— , npuvem OAHHBIL NOAUHOM AAACA OJIA Hee Onpedeﬂﬂlomuﬂ/l.
|a j |a -1
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HoxasarenbcTBo. PaccmarprBast paBeHCTBO TIOIMHOMOB s(z) = a,z" +...+ a,z"
= l”lklzlﬂp1 + r2k1k221+p'+p2 +..+ I"nk ...knzl+pl+"'+p” , Toiy4aem (hopMyJIbl,
yKa3aHHbIe B (OPMYIHPOBKE TeopeMbl. CTpOUM MO HaleHHOMY HaOOpy YHCIIO-
BBIX IapaMeTPOB CIIyTHUKOBYIO CHUCTEMY B COOTBETCTBHU C ONpEAETICHHEM 2 U
yOex1aeMcsi, UYTO B COOTBETCTBHHU C ONPECIICHUEM 3 JTAaHHBIN MTOJMHOM SIBJISICTCS
OIPEIEISIFOLINM JIJIsl IOCTPOCHHOM CIIyTHUKOBOM cucTeMbl. TeopeMa goKas3aHa.

CryTRRKORAS CHOTeMa TopATKA 4

0o noauHoMy w2} = a;z? + aps® o agE® 4 a2 =
= (L.46 + 1.08)2" + (—1.76 + 1.96()2° + (—2.36 — 1.42{)2* 4 (1.18 — 2.32()2°
.?21. 4. =182, |ay| =1.82;

ag| = 2.63;
r3=2.75, |ag| =2.75;

A

; ry=2.6, |ay = 2.6,

S, & /' o
6 5 4 32 204 2 3 4 5 6 7 8 8 10 11 12 13 14
N . = =
: LW g1 e
4 =3 =5
i 3 "
caly ; %

) 4

Puc. 2. [Toctpoenue cnyTHUKOBOW CUCTEMBI 110 TIOJINHOMY

Teopembl 1 1 2 TOBOPSAT O TOM, YTO CITyTHUKOBBIC CUCTEMBI SIBIISIOTCS aHHMa-
[IMOHHO-TEOMETPUYECKUMHU MOJICIISIMH TTOJTMHOMOB MIPU YCJIIOBHH, YTO MOJIYIIb Tie-
peMeHHoI paBeH 1.

I[TpuBeneM NpoCTOi M €CTECTBEHHBIH CIIOCO0 MOCTPOCHHSI CITy THUKOBOW CHCTEMBI
1O TIOJIMHOMY: CTPOUM K&Kl €r0 OTHOYWICH M MOJy4aeM COBOKYITHOCTh TOYEK Ha
KOHLICHTPHYECKHUX OKPYXHOCTSIX. 3aTe€M IOCIIeIOBATEIILHO CKIIAIbIBAEM 3TH TOYKU
10 MpaBUITy Mapaiienorpamma (puc. 3).

(.II[I\_"E']!I[I((]BRH CHOTEMA MO TR 4
o noauaomy w(z) = a.z2" + aaz® + ayz® + a2 =
= (1.33 + 1.210)z" + (—1.76 + 1.960)2" + (—2.62 — 2.630)z" + (0.95 — 1.950)z°
=1 p=2 B2 94=5
1. Crpons ogHOMIeHE @
0) = a12" = (1.33 + 1.218) ",
* = (—1.76 + 1.960)z° P
By 421 = (—2.62 — 2.0 18
' O = agz™ = (0.95 — 1.950)2".
2. CrpousM ClOyTHHKHM
8 =0,
Sz =51+ O,
&1 S3— S+ Oy,
S =8;+0,

Puc. 3. Bropoii cioco6 mocTpoeHus iy THUKOBOW CHCTEMBI TI0 MTOJTHHOMY
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Omnpenenum cnymnukogyio cucmemy nopaoka (nl, h, ), KaKk COBOKYIHOCTh
CIIYTHHKOBBIX CHUCTEM IIOpsIIKA n ISt ] —1 ..m c 06HJ;eH 3Be3001. Are-
Opandecky OHa OMHCHIBACTCS COBOKYHHOCTBIO OTIPE/IEIISIONINX MHOTOYJICHOB CO-
CTABJIAIOIIMX €€ CITYTHHKOBBIX CHCTEM TMOPS/IKOB 71, . Ha pucynke 4 nzo0paxena
CIIyTHHMKOBas cuctema rnopsaka (3,2), koropas HpeI[CTaBHHeT co0oit oObeHEeHNE
CITyTHHKOBOM CHCTEMBI MOpsi/IKa 3, COCTOSIIIEH U3 CITyTHUKOB 0 O O , Y1 CITyT-
HUKOBOW CHUCTEMBI MOPsI/IKA 2, COCTOSAIIEN U3 CITyTHUKOB O 0 c 06H1€I/I 3Be3101
0 Ota CITyTHUKOBas CI/ICTeMa 3ajaercs COBOKyHHOCTI)IO ,uByx OTIpEIeIIAIONINX

1 1
nomunomos  S(2) = I’kIZ "+ rkk,z thtP + ik ko ks z tptpatrs

w(z) = k2" + kg k2 PP
[IpuBenem mpumep NOCTPOSHHUS CITYTHUKOBOW cUCTeMbI opsiaka (3,2) (puc. 4).
1. Iloctpoenne ucxogHbIX AaHHBIX. CTpoMM Havajgo KoOpaMHAT (3BE3Ny)
(0, Og eIMHUYHYIO OKPY>KHOCTb M TOUKY Z Ha Hed. Ha emuHUYHOM OKpyX-
HOCTHU CTPOUM TOYKH (KOMIIJIEKCHBIE YHCIIA) k k2 , k3 k 4 - LIOJI3yHKaMu BBOIMM
napameTpel 1, ¥y, 13, ¥4 (paguycel opouT) u pl, P,> D3> P, (TOKa3arenu Bpa-
LIEHU).
2. Tloctpoenme crnyTHuKOB. CTpOKOHl BBOAA CTPOMM TOUYKH (KOM-

1 1
IIJIEKCHBIE YKCIIa) 01 = rlklz P , 0, = 01 + Vzk1kzz thtp ,
_ l+p1+pa+p3 _ I+p1+p,4
CIINTHUKOBASA CICTEMA /

\\ nopsaka (3,2) P

\ /r,=07
y r,=17
ry = D8
rg=1
2 4 5
Ry =1
5"
=2
P3
Qupegensonpe HoJIHHOMbL
s(z) = (=0.76 — 0.260)z° + (0.06 + 1.7()z" + (0.64 + 0.29()z*
w(z) = (=1 — 0.0102" + (0.64 + 0.29()2"

Puc. 4. Cton-kaip aHUMAIIMOHHOTO U300paKeHUs OOBEIUHEHUS JIBYX
CIIyTHUKOBBIX CUCTEM
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HpI/I AHUMaAIMU TOYKH Z CIIYTHUKOBAA CUCTCMA ITPUXOJAUT B ABHUIKCHUC.

3. CnyTHHKOBasi CHCTEMAa B IPOCTPAHCTBE

Jlnis anreOpanvdeckoro OMUCAHMS CIYTHUKOBBIX CHCTEM B MPOCTPAHCTBE HAM
MOHAT00ATCSI KBATCPHUOHBI M CBSI3aHHBIC ¢ HUMH MOHSATHS BEKTOPHOTO YMHOXKE-
HUS U CKAJIIPHOTO YMHOXKCHHS BEKTOPOB.

Bceskuii kBatepunon (Maremaruyeckas Ouuuknonenus, 1977, T. 2, c. 838) 3a-
nuckiBaeTcs B Bune ai +bj +ck +d, tne a, b, ¢, d — neiictBuTensHbie uncna,
i, j, k Ha?ﬁBIBaIOéI‘CSI MIZ-II/IMBIMI/I GZJII/IHI/IHaMI/I " 110 OIPEACICHUIO YAOBJICTBOPAIOT
yenosmio i° = j© =k~ =(ijk)” =—1. Yucno d maswisaercs cxanspuoii (wim
JIeHCTBUTENBHOMN) YacTbIo, a ai + bj + ck BekTOpHOW (MM MHHUMOI1) 4acThIO KBa-
tepumona. Ecmu d =0, To kBarepHuoH GyneM Ha3bIBaTh BEKTOPHBIM (MM BEK-
TOpoM) U 0003Ha4YaTh 6e3 cTpenku. KBarepHUOHBI BBENI aHTIIMACKUN MaTeMaTHK
I'amumeTon (W.R. Hamilton, 1806 — 1868) B pabore 1843 r. (Hamilton, 1853),
(Hance, 1867).

B cootBercTBum ¢ (Maremarudeckas Surmkimoneaus, 1977, 1. 1, c. 634 — 635), Bek-
TOPHOE IMPOHU3BEJICHUE BEKTOPOB ( U b o6osnauaercs [a,b] wm a X b, ackansproe

npoussenenne (@, b) . TlockolbKy BeKTOPHbIE KBATEPHHOHBI I0TOBAPHBAEMS ITHCATH 663
CTPEJIOK, TO 15 HUX OyJleM HCTIOb30BaTh 0603HaueHus cootserctienHo [, b ], a X b,
(a,b) . Teomerpudecky BEeKTOPHBIE KBATEPHHOHBI CKITAIBIBAIOTCS TIO TIPABKITY Mapas-
senorpamMma. UtoObl yMHOKHTE OIMH KBATEPHHUOH Ha JIPYTOM, HYKHO PACKPBITh CKOOKH,
HEPEMHOYKUTH MHUMBIE €IMHHULIBI, COXPAHSS IOPSIOK MX CIIEIOBAHKS, M IPHBECTH I10-
700HBIe. MHMMbIE €IMHUIGI YMHOXKAIOTCS Mo npasunam: if =k, ji=—k; jk=i,,
kj=—i; ki=j, ik=—j. Tlome3ysicb OSTMMM TIpaBUIaMM, IS BEKTOPHBIX
KBaTePHUOHOB  (BekTopoB)  h=ai+bj+ck, h=aji+bj+ck  uveem
hh, = (bc, —bc)i +(a,c—ac,) j +(ab, — a\b)k —aa, —bb, —cc, =[h,h1—(h,h)).
Buim, uTo npor3BeeHNe BEKTOPHBIX KBATEPHHOHOB €CTh CHOBA BEKTOPHBII KBaTep-
HHOH TOIJa M TOJBKO TOIJIA, KOIJIAa UX CKAIISIPHOE IPOM3BEIEHHE PABHO HYIIIO, TO €CTh
MEPEMHOKAEMbIE BEKTOPBI MEPIEHIUKY/IApHbL. CaMu MOHSATHS BEKTOPHOE MPOH3BEJIC-
HUE M CKASIPHOE MPOU3BEIECHUE BEKTOPOB BOILIM B MATEMATUKY MMEHHO U3 TEOPHH
KBAaTEPHUOHOB.

C otuM OaraxoM 3HaHHWH TepeleM K MMOCTPOCHUIO CITyTHHKOBON CHUCTEMBI B
HPOCTPAHCTBE U ee airedpandyeckoMy omucanuio. Kak u B ciydae CIlyTHHKOBOI
CHCTEMBI Ha TUIOCKOCTH, ONHUIIEM MOCTPOCHUE CITYTHHKOBON CHCTEMBI MOPSIIKA 71
B IIPOCTPAHCTBE M ONMUCAHUE MMOCTPOCHUS MPUMEM 33 KOHCTPYKTHBHOE OTpe/iese-
Hue. Ha pucynke 5 u300paskeHO MOCTPOESHHUE JIMIITL OJHOTO CITyTHHKA. DTOTO J0-
CTaTOYHO, YTOOBI MOCTPOUTH JHO00E KOTMYECTBO CITyTHUKOB CAMOCTOSTENBHO.

[TocTpoeHune CITyTHUKOBO# CHCTEMBI MOPSJIKA /1 B TIPOCTPAHCTBE.

ITycTh JaHBI HEHyJeBbIE BEKTOPHbIE KBATEDHHOHOHBI {(, ..., an} (ananorn
K02((UITMEHTOB MHOTOWICHA, 3a/IAI0IIETO CITyTHUKOBYIO CHCTEMY Ha TUTOCKOCTH) U
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JIaHbI HaTypaJbHbIC YHCIIA {ql 5 eees qn} (TToKazareny crereHell KOMIUIEKCHHOM Tie-
PEMEHHOM).

1. Ilocmpoenue ucxoonwvix dantsix. CTPOUM TaHHYIO CHCTEMY BEKTOPHBIX KBaTep-
HUOHOB {a1 yeees n} B BHJI€ TOYEK POCTPAHCTBA (TI0 MX KOOPIMHATAM) H TTOI3YH-
KaM{ BBOJIUM I1OKA3aTeIM CTEIIEHEN TepeMEHHOM {ql s +ees 4, 5 - Ha pucynke 5 nan-
HbIif KBATEPHHOH M300pakeH Toukol A | Iokasarenb CTENeHH ¢ BBE/ICH MOI3YHKOM.

Puc. 5. IToctpoeHue criyTHUKA B IPOCTPAHCTBE

2. CtponM efvHIYHYIO chepy U eAMHUYHbIC BEKTOPBI OCEH KOOpAMHAT I, ], k
(Ha pucyHke 5 cdepa caenaHa HEBHIMMOM, YTOOBI HE 3aCTIOHSTH TIIABHOTO).

Jlns kaxaoro £ =1,...,71 BRIQNHAEM CclemyIONmMe TOCTPOCHHSL.

3. KoopuHarHyto mwiockocts (I, j) OyaeM paccMarpuBaTh Kak KOMIUIEKCHYIO
IIOCKOCTh C JEHCTBUTENBHOM OCBIO abciuce, colepsKaieil BeKTop I, U MHUMOi
OCBIO0 OpJIMHAT, COACPIKAILEH BEKTOP ] . Ha »3T0#1 miockocTy cTporM €IWHUYHYIO
OKPY’KHOCTh M TouKy | = Z Ha Heii (Ha pucyHke 5 cieBa). PaccMarpuBas Z Kak KOM-
MJICKCHYIO TIEPEMEHHYI0, HaXOIUM Yroil (P = arg(z ) U CTPOUM TOYKY T'=z% ¢
apryMeHToM (f, = ¢, . Ilpn anumManiy ToUKK Z 3a BpeMd €€ MOJIHOro 00opoTa 1o
€/IMHMYHOI OKPY’KHOCTH B KOODAMHATHOI MIIOCKOCTH (I, ] ) TOuKa T'=z% COBEp-
LT 110 Heil ¢, 000poToB. ;

4. Ecmu a, E<l,]>, TO 0003HaUYUM U, =[ a, |k,Z ]. Ecmu ke

A=a, ¢ <i, ]> (puc. 5), TO CTPOMM IIIOCKOCTh 7T, ={d,, z?) 1o touxam O,

a, z I npsmyro [, mpoxomsimyio uepes Touxy O nepreHIHKYISPHO IIOCKOCTH
7T, , v chepy ¢ nuentpom B Touke (J , IpOXOSILYIO YEPE3 TOUKY A= a, . Uz neyx
ToueK TiepecedeHus mpsamoii [ co cdepoii BEIGHpaeM TOUKy U, Tax, 9To0BI 00X0]
TOuEK d,, Z qf , U; B yKa3aHHOM IOpsIKEe ObLI TAKUM K€, Kak 00XOZ 10 eMHHY-
HBIM ToukaMm I, J, kK (mpotus wacoBoit crpenku). Bektop U, SBIISIETCS HOPMAJlh-
HBIM BEKTOPOM TIOCKOCTH T, .

s anreOpauveckoro  OCMBICIEHUsS — BEKTOpa U,  TEPEBOIMM  TIO-
CTpoeHMsT Ha anreOpanyeckuid  S3bIK.  3alMCHIBAEM  YPaBHEHHE  IUIOCKO-
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cu 7, no toukam (0 =(0,0,0), T'=z a = (cos(g,9),sin(q,9).,0).
A= a, (a b C) (na pucynke 5 A = a, (2 -3 4)) YpaBHEeHHE UMEET BI/III

—csin(g,p) - x+c cos(q,p) -y +(a sin(g,p) - beos(q,p) -z =

CaenosarenbHo, HOpPMaJIbHBIN BEKTOP IJIOCKOCTH T, paBeH
u, = (—csin(q,9),ccos(q,p),asin(q,p) —bcos(g,p)) =[a,,z" ] :
s IIPOBEPKHU Ha PHUCYHKE 5 CTpOUM TOUKY

S =(—csin(q,p),ccos(q,p),asin(q,p) —bcos(q,p)) u yoexnaemes, 4To OHA
COBIIagacT C TOYKOM u[ , HOCTpOGHHOﬁ BBIIIIC.

O0o3Hayass 3HAYKOM X OICpalMi0  HAXOXKACHUSA  BCKTOPHOIO IMPOU3-
BEACHUA OBYX BCKTOPHBIX KBATCPHMUOHOB, B TIICPBOM Cllydac IOJIydYaeM

— qr 1 —| q — qr 1 — q
u,=[la,|k,z"1=a, |kxz" a Bo sropom u,=[a,,z"]=a,xz"
B obmem ciyqae u, = bt x z 7t , TIe

la, |k, ecmua, e <i,j>,
t = ..

a,, ecuua, ¢ <l,]>.
5. CtpouM nocienoBaTelbHO TOUKH SO =0, Sl =U,, S2 = Sl +u,, ..,

S 0= S a1 T U, ¥ NoIyyaeM UCKOMYIO IPOCTPAHCTBEHHYIO CUCTEMY CITyTHUKOB

{Sl y s D } co 3Besnoit O . Tpu anumanuu Touku 1 = Z 3a BpeMs ee MOHOTO
000poTa 10 eTMHUYHOM OKPYXHOCTH B COOTBETCTBYIOIIEH KOOPAMHATHON IJIOCKO-
C§H TOYKa S COBEPUIUT ¢/, 00OPOTOB O KPyroBOM 0OpOHTE paauyca | a, | BOKPYT
tAlﬂre6pa1/1qec1<1/1 BBIpaKeHHE S ;= b1 xzM 4.+ b[ X z% mmeer Bux momHO-
Ma OT KOMIUIEKCHOW IIEPEMEHHOM Z IIPU yCIOBUU | Z | =1 ¢ xoadpurmentamu, xo-
TOpBIE NPECTABISIIOT COO0H BEKTOPHBIE KBaTEPHUOHBL. BMecTe ¢ TeM, CITyTHUKOBBIE
CHCTEMBI B IIPOCTPAHCTBE MOXKHO PACCMATPUBATh KaK AHUMALIMOHHO-T€OMETpUYE-
CKHME MOJZEIIN YKa3aHHBIX ITIOJIMHOMOB.
3akiaw4yenne. B uncTo MaTeMaTHnyecKOM OTHOIIEHUH IPEACTaBICHHBIN Ma-
Tepuai sBJISETCS HAYallOM UCCIEA0BAHUHI CIIyTHUKOBBIX CHCTEM KaK aHUMAallK-
OHHO-T€OMETPUYECKUX MOJIEIICH MOJIMHOMOB, OTKPBIBAIOINH HOBBIE MPOOIEMBI
U IEPCIEKTUBBI, U CIEAYIOUas IOATOTOBJIEHHAs K I[I€YaTU CTaThbs aBTOpa II0-
CBSILIEHA BOIIPOCAM aHUMAalHOHHO-T€OMETPUYECKOT0 MOAEIUPOBAHHUS TIOJIMHO-
MOB B 00JIaCTH KBAaTEpPHHOHOB B BHUJE CIIyTHHKOBBIX CHCTEM B IIPOCTPaHCTBE.
C MeToIuYecKo TOUKH 3pEHHsI MPEACTABICHHASI B CTaThe LEJIeCO00pa3HOCTh
WCIOJIb30BAHMS aHUMAaLHOHHBIX PUCYHKOB B 00yUE€HUH MaTeMaTHKe KaK TEXHO-
Joruyeckas 4acTb Uu(QpoBU3anuu 00pa30BaHUs IEMOHCTPUPYETCS B OATOTOB-
JIEHHOM aBTOPOM K IedaTd yuyeOHOM nmocoOuu mo tpuroHomerpuu 10 kiacca.
OCHOBHOE MOHATHE TPUTOHOMETPUU — YHUCJIOBAas OKPYNKHOCTb AEMOHCTPHUPY-
€TCs Ha aHUMAllMOHHOM PUCYHKE B BUJI€ HAMATHIBAHUS YMCJIIOBOM IPSMOU Ha
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OKPYXKHOCTb. AHMMAallHOHHO-T€OMETPUYECKasi MOJIETb 3TOr0 MpoLecca JIOKUT-
Csl B OCHOBY aHHMMAallMOHHOTO BBIYEPUYMBAHMS IPa(PUKOB TPUTOHOMETPUUECKUX
¢GyHKIUH. AHUMAaIlMOHHBIMM PUCYHKaMH CONPOBOXAACTCS M3JOKECHHE BCETO
y4eOHOTO Marepuajia MO TPUTOHOMEPTH. AJIbOOM aHMMAaIMOHHBIX PUCYHKOB
K y4eOHOMY MOCOOHMIO pa3MelieH Mo yKa3aHHOMY Hibke aapecy'. ABrop yBe-
peH, 4TO B HeJaJeKoM OynylleM aHMMAalMOHHBIC PUCYHKH BOHAYT B apceHal
cpelncTB 00yUeHHUs TaK e €CTECTBEHHO, KaK HbIHE UCIIOIB3YIOTCS MEJ U MIapu-
KOBas pydKa.
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SATELLITE SYSTEMS AS ANIMATION-GEOMETRIC
POLYNOMIAL MODELS

Abstract. The article gives an animation-geometric representation of
polynomials on the complex plane, provided that the module of the complex
variable is 1, in the form of satellite systems. A similar representation in the form
of spatial satellite systems is given for polynomials in a complex variable, whose
coefficients are vector quaternions (their scalar part is zero). The effectiveness and
feasibility of using animated drawings as a means of modern didactics in teaching
mathematics is presented.

Keywords: animation figures; GeoGebra; satellite system; complex numbers;
quaternions; polynoms
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