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Pe3rome. Cratusita € MOCBETEHA Ha pelllaBaHEe HA alreOpHYHM 3a/1a4dd, KaTo
ce HM3IOJI3BAT CYOCTHTYLMHM C TpuroHomerpuynute ¢yHkimu. [Ipemnoxenu ca
HOJXOJU 34 PEIIABAHETO UM.

Kniovosu Oymu: TPUTOHOMETPUYHO 3aMECTBaHE; YpaBHEHHUE; JIOKA3aTEICTBA 3a
HEPaBEHCTBA

B Hacrosimara crarus pasmiexxgaMe HSIKOW paldOHAIHU YPaBHEHHMS M JI0Ka3a-
TEJICTBA HAa PAllMOHAJIHM HEPaBEHCTBA, KOUTO CE PEIIaBaT Ype3 M3IOJI3BAHETO HA
CyOCTUTYLIMU C TPUTOHOMETpUYHH (PyHKUMH. [IpeuioxkennTe 3a1auu ca moaxoas-
1M 3@ YYEHHULIU U CTYACHTH, POSIBSIBALIN HHTEPEC KbM MaTeMaTHKaTa, ¥ criomarar
3a MOBMIIABaHE HMBOTO HA MOJATOTOBKA 32 Pa3JIMUHU MaTEMAaTHYECKH KOHKYPCH,
OJIMMITHAN M OPYyTH. 3a Ja ce pemaT Te3u 3ahadu, HeoOXOIUMO € MHOTO 100po
BJIaJICCHE Ha PELIaBAaHETO HA Pa3lIMYHUTE TPYIH PAlMOHAIHHU YPaBHEHHS U JIOKa-
3aTeICTBa Ha palMOHAJIHM HepaBeHcTBAa. OCBEH TOBa YUTATENAT TPsiOBa Ja 3Hae
CBOMCTBaTa Ha TPUroHOMETpUUHUTE PyHKUMH. Pasmienanure 3agaun qonpuHacsT
3a yCHBBPILCHCTBAHE YMEHUSTA HA YUCHULMTE M CTYIEHTHUTE;, YCBOSIBAHE OT TSX
Ha Pa3jIMYHM MaTeMaTHYeCKU ACHHOCTH B PA3IMYHM CUTyalllH; MOBUIIABaHE Ha
MaTreMaTHyecKara KyJaTypa M MHTEJIEKTYaIHOTO UM pa3BuTHe. Llenta e 00Bbp3Ba-
HE Ha 3HAHMATA 3@ PAllMOHAIHM YPaBHEHUS U HEPaBEHCTBA U TPUTOHOMETPUYHU
¢ynkn. @opMupar ce yMeHHs 3a IIPEHOC Ha 3HaHWUA U o0paTHO. OCBEH TOBa, 3a
J1a OTKPHSIT Pa3IMYHUTE BPB3KH, YICHUIUTE U CTYACHTUTE YIPaKHIBAT METOAN Ha
Hay4YHO [TI03HaHUE, yOeKJaBaT ce B TSIXHOTO 3HAUCHHE U Y TSIX CE MOPAXKIa CTPEMEK
3a OBJIAASIBAHETO UM. Becuuko ToBa € HE0OX0OMMO Ha TBOpYECKaTa JIUYHOCT B yC-
JIOBUSITA HA CbBPEMEHHUS JKUBOT, KOTaTo TPsIOBa yMeIo Ja ce M3I10JI3BaT 3HAaHUITa
0T egHa obnacT Ha HaykaTa B ipyra. Cpell pallMOHAJIHUTE YPaBHEHUS U JOKa3aTel-
CTBa Ha PAllMOHAJIHU HEPABEHCTBA MMa TaKMBA, KOUTO TPYIHO OMXa C€ PELININ OT
YUEHHLINTE ChC 3HAHMATA, KOUTO MMAT, a U3MIOJI3BAHETO HA CYOCTUTYLIMU C TPUTO-
HOMETPUYHH (DYHKLUH BOAM 10 MO-palMOHAIHO pemieHne. HeBunaru e yecHo na
ce 3a0enexu Bpb3KaTa MEXKAy alreOpuuHUTE U3pa3u U TPUTOHOMETPUIHUTE Pop-
mynu. ToBa, koeTo 0OennHsBa 3a1a4nTe OT TO3U BH], €, Y€ C€ THPCST PEIICHUS B
MHTEpBalI, KoiTo e mogMHoxecTso Ha |—1;1|. 3aroBa ce onpenens o6m vaunn npn
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pemaBaneto uM. [lopaau usnuckBanero X € M C [—1;.1] 3a0ens3BamMe, 4Ye MOKEM J1a
BbBEJEM HOBO HEU3BECTHO (0, KaTO MOJOKUM X = SIN @ win X =COS Y (wim apy-
ra MoJXo/sIIa 3a KOHKPETHATA 3a/1a4a TPUTOHOMETpUYHa (GyHKIMs Ha ). Koraro
U3II0JI3BaM€ TO3U METOJ, CE MOIydaBaT KPaTKH, JIECHU U UIEHHO MO-SICHH pelie-
Husl. [lepMHUIMOHHOTO MHOXECTBO HE € €IMHCTBEHOTO ChOOPa)XKeHHE, OT KOETO
TpsiOBa J1a ce PHKOBOANM IIPH M3MOJI3BaHE HA [TOJOOHU CyOcTUTYyIHu. J[pyro Baxk-
HO ChOOpa)KeHue e, 4ye T€ BOIAT O YIOOHH TPUTOHOMETPUYHHU Npeodpa3yBaHMs,
MTOHM)KABAIlM CTEIIEHTA Ha ypaBHEHHETO. Morar Ja ce moco4ar olie MHOTO ApyTd
[IPUMEPH, KbJETO TPUTOHOMETPHITA IIoMara Ha aireOpara. Hesunaru onurure na
ce HalpaBU TaKOBA MPUIIOKEHHUE, BOJSAT J0 TOJIOKHUTEIECH PE3yiITaT, HO HaMUpaHe-
TO Ha €IHO KPacuBO PELICHUE ONpaBiaBa yCHIHUATA.

Tyx npemnarame npuMepH, KOMTO WIIFOCTPUPAT KOHKPETHH IPUIIOKEHUS Ha pas-
IJIeJaHUTE UJIeu. 3aToBa Ha BallleTO BHUMaHME MpeaiaraMe eIMH HauuH 3a pelia-
BaHE pallMOHAJHM YPAaBHEHUS U J0KA3aTeJICTBA Ha palliOHAIHN HepaBeHcTBa. Toit
€ CBbP3aH C U3I0JI3BaHe Ha METO/Ia Ha TPUTOHOMETPUYHHU cyocTuTynmu. Kasanoro
1€ WIIOCTPUpPaMe NPH PelIaBaHe Ha CICIHUTE 3a1auu.

3agaya 1. Jla ce HamMepsaT TE3W KOPEHM HA  YPAaBHEHUETO
8x(2x2 —1) 8x* —8x? +1) =1, xouto ca oT MHTEpBaNa (0,1). (KoHKypceH u3nur
3a moctenBane B MI'Y, Mockga, 1985 1.)

Pewienue. [Ipeqbpa3ysame YPaBHEHHUETO o cleqHus HaYUH
8x (2162 —1)z2(2x2 - 1) - la)-l= 1, 3amoto m3pas or Buma 2x> — 1 ce cpela B TPUTOHO-

MeTpusTa Kato hopmyinara cos2¢ =2cos” @ —1 u Tsii kato 0< x < 1, To MosKke 1a

T
ce moyioku X =CO0S @, xpaero O < Q< 5 ToraBa 1aJIeHOTO ypaBHEHHUE MOXKE J1a

ce npeoOpa3yBa B CI€AHUS BUI: 8 COS (@ (2 cos’ p— 1) (8 cos’ p—8cos’ p+ 1) =1
um 8cosS@cos 2¢(—8 cos’ @.sin’ go+1) =1, a ortaMm M J0

8cospcos 2§0(1 —2sin’ 2§0) =]. B ToBa ypaBHEHHE MOXEM Ja YMHO-
KUM JBeTe My cTpanu chesing, samoro ©=0(x#0) me e xopen, Te.
8cosp.cos2¢.cosdp=1/.sin¢p u nomydaBame PaBHOCHIHOTO ypaBHe-
uue 8cos@.sin@cos2@.cos4p=sing wm 4sin2@cos2@.cosdp =sin@
= 2sin4@.cos4¢ =sin @ = sin 8¢ = sin ¢.

Axo sin8¢ =sinp = 20089%Sin77(p =0, Toperenusca @, (n) = 71'(2++1)

u goz(n)=2nTﬂ, neZ OTKbIeT0 HamMupame ¢1(0)=%, (01(1)=§,
5 7 2 4 6

Mz):f, ¢1(3):§, %(1):7”, %(2)27”, §02(3):77T.HocaMo
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Vs V/d 2
3 (O) = 9’ ® (1) = 3 @, (1) = - OTroBapsT Ha yCJIOBHETO Ha 3aja4ara. To-
raBa JajJIcHOTO ypaBHEHHE MMa TPU KOpPEHa, KOUTO JIeXKaT B MHTEpBasa ((),1) u

TE ca X, = cosz—”, X, = cos = u Xy = cosgzl. (Choocheva, & D. Nikolov,
1988). 9 3 2

3agaua 2. Jla ce peiru ypaBHEHHETO 2(2x —1) -l=x

Pewenue. B TOBa ypaBHEHHE W3IIOJN3BAHETO HA TPUTOHOMETPUYHH
(QYHKIME HE € OYEBHIHO, 3aTOBA OTHAYAO ¢ IOKAXKEM, Y€ YHCIa, Y-
TO abCONIOTHA CTOMHOCT € Mo-rojsiMa OT CIMHMIA, He Morar jga Obaar pe-
MeHHs Ha gajeHoto ypasuemme. Heka |X|>1, torasa mpeoGpasysame na-
JIEHOTO ypaBHEHHE BBB BUAA x> —|=x’4+x’—1=2x> -1>x*>

2(2x* —1)° l>‘2x —1‘>|x Karo mongimnm X =C0S¢, KbIcTO (pe[O 72]
MoJIy4aBame ypaBHeHHeTo 2(2cos’* p— 1) —1=cos¢. Ot TpuronomerpuyHara

dopmyna 2cos’d—1=cos2d nsBata YacT Ha NONYYEHOTO YPABHEHHE ¢ PaB-

Ha Ha COS4¢, 3aroBa ypaBHEHHETO J00MBA BHIa COS4( =COS(Q, OT KbJIETO
2rn 27n

e =p+2rn;ne Z. Cnen xoero ¢ = — uQ= = B unHTepBana [0;7[]
2 2r 4Ar
npuHaiexkar camo peurenusta 0; T,?,— Bcuuky KOpeHHu ca pasiiuyHu U
2r 4r
TOTaBa Ja/ICHOTO YPaBHEHHE HMa KOPCHHUTE: — 5 ;1;c08—; COS?

3
3amaua 3. Jla ce pemn ypaBHenuero 8x° —6x—1=0.
Pewenue. OueBunno e, ue X =0 He e KOpeH Ha JAJEHOTO ypaBHEHHE, TOTa-
Ba pasjieNisiMe JBETE CTPAHHW HA JaJ€HOTO YPaBHEHHE Ha 2X M TO NpUEMa BHIA

2 1
4x _2_x+3 (1). Ako x<—-1 mm x>1, To nsBara crpana Ha (1) me Gbue

no-roisma ot 4, a ascHara — no-manka ot 4. CieoBareHo KOPEHUTE Ha Jajie-
HOTO ypaBHeHue e ca B uurTepsana —l1<x<1. Heka nomoxum X =COSQ,
kpreto 0< @ <. ToraBa JQJIEHOTO YPABHEHHUE TIPUEMA BHJA HA TPHTOHOMET-
pHUHOTO ypaBHeHHE 8COS° @ —6c0s@—1=0, Ha KOeTO ETMM ABETE My CTpa-

1 1
HU Ha 2 ¥ TonydaBame 4cos’ @ —3cos@ = 5 wm cos3p = 5 Crnen ToBa Ha-
/a
MHpamMe @ = 5(611 il), Kkpgeto 1 e wsuio uucio. Teit karo 0<@ <7, ToO

T 57 T
Q= 5, O, =—— U Q= ?, HO X = COS (, ToraBa KOpEHUTE Ha AAICHOTO ypaB-
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T St T
HEHHE ca X, = cosg,x2 = cos? U x; = cos? (Zapryanov, Z. & N. Raikov,

2012).
3agaua 4. Konko Ha Opoit KOpEHHU UMa  ypaBHEHHUETO

4\/§|x|(x2 —1)(2x4 — 4y’ +1) =1 B uHTEpBasNa [—\/5, \/5]‘7

Pewenue. (Merzlyak, A, 1994) Tpii kato ¢ nsgBara cTpaHa Ha JaJ€HOTO ypaB-
HeHHe ce aeduHUpa dYeTHa (PyHKIHS, JOCTATHRYHO € Ja ce HaMepHu OposT Ha

KOPEHHTE My B HHTEpBaja [0, V2 } Upes HeMocpelCTBEHa IPOBEpPKa yCTa-

HosBame, ve X =0 u x= V2 e ca KOPEHM Ha JajieHoTo ypaBHenue. [Toa-
r

rame X =+v2C08¢Q, kpaero 0 <@ <—. Torasa JaJeHOTO ypaBHEHHE MOXKE Ja

ce mpeobpasyBa B CJIEHUS BHIL 8COS (2 cos” ¢ — 1) (8 cos* p—8cos’ p+ 1) =1

umn 8cos@cos 2go(—8 cos’ @.sin’ (p+1) =1, a ortaM M J0

8cos@cos 2(/)(1 —2sin’ 2(0) =1 =8cosp.cos2@.cosdp=1/.sinp (toBa

MOXE Oa C€ HallpaBH, Tl karo 0 < o< 5 U 1ojiydaBaM€ paBHOCHUJIIHOTO YypaB-

nenre 8c0S@.Sin@cos2¢.cosdp =sing wm 4sin2¢cos2¢.cos4p =sin @

. ) . . ) . krx
= 2sin4@.cosdp =singp = sin8@ =sin@. Ako sin8@ =sin@, 1o ¢ = —
T 2nrw
Q= §+T’k u 1 ca nenu gucia. OT mppBaTa cepus 0CTaBa caMo SAUH KO-

peH, a OT BTopaTa — JiBa. Taka B HHTEpBaja [O, N, 2} UMaMe TPU KOpeHa, ClIe/IoBa-

TEJIHO B MHTEPBaJa [—\/2,\/2] ca IIecT.

3anaua 5. Jla ce pemn ypasaernero 64x° —96x” +36x—1=0.

I+cosg
Peuwienue. B Ta3m 3amada, 1mie IMOJOKHM X = ———

2
3 2
64(1%%} _96(1“%} +36(1+C¥j‘1:°’ 2 xato to mpeo-

6pasysame 8cos’ @ —6cos@+1=0, xoero Bomn 10 COS3¢ = 5 Crnen toBa
2 4m 8x

HaMUpame gD:T,?,?, a OTTaM — W KOpPEHHUTE Ha JaJICHOTO ypaBHEHHUE
, T , 27 ,4r
COS™ —;C0S” —;C0S” —.
9 9 2

. Torasa nosyuaBame
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3anaua 6. /la ce nokaxe, 4e ako X’ +y2 =1, TO
1

a) |x+y| < \/5; 0) |3x+4y| <5; B) ‘x3y—xy3‘ SZ.

Jloxazamencmeo. Tbil Karo x*+ y2 =1, a B TpuroHomerpusTa wHMma-
Me, ue Sin’@+cos’@=1, To MokeM Ja H3NON3BAME CyOCTHTYLHATA
X=sin@, y =CcoS@, KbIeto P € [—7[; 7|

a) ToraBa X+ y =cos@+sin¢ =sin(90° —g0)+ sin @ = 2sin 45° cos((p—45°)
=+/2 cos(gp—45°). Ortyk, Thit Kato —1 <cosa <1, To |x+y| <.

3 2 4 2
6) Karo cpoOpasum, de ¥+4° =5 wu (gj + (gJ =1, ToO
sina :E,cosa = i’(p c (0;”) Pasriexname |3x+4y| = 5|sinqocosa +cosgosina| =
2

5‘sin(go+a)‘ <'5. Crenosarenso [3x+4y|<5.
B) Pasmieskame Tx3 y- xy3‘ = ‘cos3 @sing—sin’ pcos go‘ = ‘sin(ocos ¢)(cos2 p—sin’ q))‘ =
= %sinZ(ﬂcosZgﬁ‘ = %Sin4(p = ‘x3y—xy3‘ S%.
[(x+2)(1-)]

(1+x2)(1+y2)

Jloxazamencmeo. Iile U3I0I3BaMe cyocTuTynus-
Ta x=tga wu y=tgfi. (Merzlyak, A, 1994). B To3u ciyyaii
sin(a + B)cos(a + )

(x+y)(1-xp) B (g +1gB)(1-1gatgp) _ cosacosfeosacos B _

)
(1+x2)(1+y2) (1+tg2a)(l+tg2,8) - 1 1
cos’a cos’ 3
sin2(a + ﬂ), HO TBH Karo

<t
2

3anaua 7. Jla ce nokaxe, ue

. 1
=sin(a+ B)cos(a+ )= 5
‘ (x+y)(l—xy) ‘
‘(1+x2)(1+y2)
4 4 4
3amaua 8. Jla ce nokaxe, ye 8&1 +b ) > (a +b) .
Jlokazamencmeo. Axo b =0, (Savova, B, 1988) HepaBeHCTBOTO € B CHIIa, a aKoO
b # 0 ncenonoxu tgp = ﬁ, PEIIEHNETO Ha 3a/1a9aTa Ce CBEXK /1A JI0 I0KA3aTeIICTBO

<L
2

1
< 5 CJIe10BaTEIHO

%sin2(a+ﬂ)

Ha HEPABEHCTBOTO 8 (sin4 @+ cos* qo) > (sin @+ cos §0)4 . TIpeoGpasyna ce pas-
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JuKaTa 8(sin4 @ +cos’ go)—(singoJr cos go)4 =7-2sin2¢p—5sin’2¢ > 0.
Te a=b.

b

. Vs
PaBeHCTBO ce nomyuaBa npu sin 2¢ =1, oTkbpaeTO @ = T

3anaua 9. [/la ce qokaxe, ye cpejl BCHUKHU 11€JIM YUCIIa MOXKE z[a C€ HaMepsIT JiBe

1+xy 3

qhcna X,y, 3a KOMTO € BApHO HepaseHcTBOTO 0 <X

T
Hoxazamencmeo. Hexa x, = tg@, , KbJ€TO §0€(—5 Ej k=1,2,3,4,5,6,7.

T T
IITe paznenum uHTEpBaIa [——,—:l Ha 1ecT paBHM 4yacTU. ChINIACHO MPHUHIIU-

22

Ima Ha I[I/IpI/IXJ'IC oT ¢k MOHC [BC NpHUHAAJICKAT Ha CAWH OT TCE3UW HHTCPBA-

T
1M, CIIEI0BATEIHO OS(D,-—(/l Sg; Karo OTYETEM IOCIEMAHOTO, LIE MOIYyYHM

X —X, NG
0L 1 —y¢ <t _:_
I+xx, g((p (0’) g 6

n
3agaua 10. JloxaxeTe HEpaBEHCTBOTO X, +X, +..+X, < 3 KBJIETO
xf +x§ +...+x§ =0wux e[—l,l],izl,Z,...n.

n n
Hoxaszamencmeo. Heka x, = sin ¢,. Pasrexname Z (3 sing, —4sin’ g, ) = Z sin3¢p,,
i=l i

n n . 1 n . n
CJIE/IOBATEITHO in = Zsm(pi :EZSm 30, SE'
i=1 i=1 i=1
3anaua11. Jlace nokaxe, ye ako x° +y2 +z =1, 1o X ~+ Y ~+ z - < 3\/?
I+x” 14+y° 1+z 4

Loxaszamencmeo.Paszrnexname * Y < |x| + |y | + |Z|

1+x° 1+y2+1+zz_1.|_|x|2 1+[yf

Karo |x|2 + |y|2 + |Z|2 =1. Hexka x=tga,y=tgf,z=1tgy, KBJIETO

a,ﬁ,ye{(),%}. e w3momsBame, ue xy+yZ+ZXSX2+y2+ZZ, TO-
tga+tgf <1

1-tgatgf
T T V4
tg(a+ﬂ)£tg(5—}/), CJI€ZI0BATEIIHO a+ﬁ£5—}/, T.€. a+ﬂ+y£5.

nim

rasa tgatgf+igPigy +tgytga <1, orkpuero  Igy
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l, . . .
3abens3Bame, e x2+ y2+ ZZ:—(sm2a+sm2,B+sm2;/)£
I+x° 1+y° 1+z
. 20+2B+2y 3 . 33

—.3s1
2 3 2 3 4

Pemasatiku TOPHHUTEC 3a1a4u 1 HOI[O6HI/I Ha TiX, YYCHUKDBT IIPCHACA 3HAHUA 3a pe-

IIIABAHETO Ha MPOOJIEMH, KOUTO HAMAT OYEBHJHA BPbH3Ka, KOSTO € IMPEANOCTaBKa 3a
Ch3/1aBaHe HA YCJIOBUS 3a aKTHBU3MpaHE Ha yueOHara My JeidHOCT. BaxxHoTo € 1a ce
Ch3/a/1aT OJIArONPHUSITHA CUTYAIMH 32 00ydeHue upe3 3a1a4n. [10-TpynHOTO 1 Hali-Bax-
HOTO € JIa C& HaMHPAT MOAXOASIIHA METOIU 32 MaTeMaTHYEeCKa aKTUBHOCT HE3aBHCUMO
OT CTEIIEHTA Ha MOJrOTOBKA. TOBa ITbK BOJM 10 Pa3BUTHE HA PA3JIMUHI MEXaHU3MHU Ha

MMUCJICHE, HGO6XOIII/IMI/I 3a OTKPUBAHEC, 3a TBOPYCCTBO U 3a MPUIOKECHUC Ha UCH.
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TRIGONOMETRIC SUBSTITUTIONS IN SOME
ALGEBRAIC TASKS

Abstract. The article is dedicated to solving algebraic tasks, using substitutions
with trigonometric functions. Approaches are proposed to solve such tasks.
Keywords: trigonometric substitutions; equations; evidence of inequalities
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