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Pe3rome. Cratusita chabpska 0030p Ha ChCTE3ATEHUTE TEMH 110 MaTEMaTHKa OT
nBara qHU Ha 17-tata MexayHapoaHa JKayTHKOBCKAa OJNMMIIMANa C BUPTYallCH
noMaknH KazaxcraH w OBJIrapckoTO ydacThe B Hes. BKIoueHu ca ycloBusITa
Ha 3aJ]audTe€ W pElIeHHsITa Ha MbpPBUTE TpUMa aBTOPU HaA CTaTHUATA, B HAKOU
CJIy4Yau C MOBEYE OT €AUH MOJXO0 3a JaJcHa 3a7a4a.

Knouosu oymu: MareMaTHUecKW CbCTE3aHUs 32 THMHA3HCTH; YYCHUYCCKU
peLeHus

Ot 7 no 12 suyapu 2021 1. ce cbCTOA NMUCTAHIIMOHHOTO W3JaHue Ha 17.
MexayHapojHa JKayTukoBcka oJuMIuana ¢ BUpTyaneH JoMakuH KazaxcraH.
Onumnuanara ce npoBexaa Bcsika roguHa ot 2005 r. HacaMm u € eIHO OT Hai-
NPECTUKHUTE ChCTE3aHUS, KOUTO ChUeTaBaT TPUTE OOJACTH — MaTeMaTHKa,
uHpopmaTtuka u pusuka. [lopaau oHnallH U3naHUETO Ha CbOUTUETO Ta3U IO-
JIMHA B HEro mMaiie pekopaeH Opoi yuactHunu (61u3o 1000), moutn ABOKWHO
MO-TOJIIM OT MUHAJIOTOAUIIHUA. YeTUPUCTOTHH U JIBAJIECET OT TSAX CE ChPEB-
HOBaBaxa B o0jacTTa Ha MaTeMarukara. bearapus 6e npeactaBeHa oOT 0010
36 yuenunu ot 8 TumMHa3zuu. Hamure maremaTuiy 3aBotoBaxa 13 menana — 6
35natHU, 2 cpeObpHU U 5 OpOH30BHU, cpe] KouTo 5 37maTHHU U | cpebbpeH 3a
niecrumara ydenunu ot Coduiickara MaremaTuuecka ruMHasus. @opmarsT
Ha OJIMMIIMAJaTa € ChIIMAT KaTo TO3M Ha MexayHapojHara oJuMIuazga mo
MareMaTuKa, TOECT JBa J€Ha, B KOUTO YYaCTHUIIUTE pa3rojarar ¢ Mo 4eTupu
yaca ¥ [0JOBHHA 3a TpH 3ana4yu. [Ipeanarame Ha BHUMAaHUETO HA YUTATEIIUTE
YCIIOBHSITA HA 33/IaUUTE W HAIIUTE PEIICHUs. ABTOPOBHUTE PEIICHUS MOTaT Ja
ObIaT HaMepeHU Ha O(UIIMAIHUSA CAalT Ha chcTe3aHueTo izho.kz
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IIspBH 1eH

3amaua 1. J[a ce gokaxe, ye ChIIECTBYBa €CTECTBEHO YKCIIO N, 32 KOETO OCTa-
TBKBT OT AejieHueTo Ha 3" ¢ 2" e mo-roisim ot 107021,

3anaua 2. JlageH e u3nbKHAI BIKMCaH mecTobI'bIHUK ABC DEF |, B xoiito BC =
EF n CD = AF . lnaronanute AC u BF ce npecuyar B Touka Q, a IMaroHaimre
ECwu DF —Btouka P . Bepxy orceukutre DF u BF' ca B3eTu CbOTBETHO TOUKU R
nu Staka,ue FR =P DwuBQ =F S. Orceukure RQ u P S ce npecuyar B Touka T .
Jla ce nokaxe, ue mpaBara T C pa3mnosnoBsiBa quaronana BD.

3a1a4A 3. JlageHo € ecTecTBEHO YMCIIO n > 2. EnBuH nMa Tabiuma n X n, Imo-
IIBJIHEHA C pealHy YKciia (BCAKa KJIETKa OT Tabiauiara ChabpKa TOYHO €AHO YHC-
110). Ille Hapuuame TOm MHOXKECTBO MHOXKECTBO OT N KJIETKH Ha Tabiuiara, pas-
TOJIOKEHU KaKTO B N Pa3IMYHM Pelia, Taka U B N pa3InyHu cThJI0a. Heka 3a Besiko
TOI MHOXKECTBO CyMaTa OT N-T€ YMCIIA, 3alMCaHU B KJIETKUTE, KOUTO 0Opa3yBar
MHOXKE€CTBOTO, € HEOTPHULIATEIIHA.

Ha Bcexu xon EnBun u3bupa pen, cThia0 U peasHO YKUCIO a, CIe] KOETO KbM
BCSIKO YMCJIO OT U30paHus pel mpudaBs a, a OT BCAKO YHUCIO B U30paHUs CTHJIO
M3BaXx/a a (10 TO3W HAaYMH YKMCIIOTO B IIpeceyHaTa KJeTKa Ha u30paHuTe pea u
cTHI0 He ce mpomeHs). [a ce nokaxe, ue EaBuH Moxe na HampaBH MOCIENO-
BaTEJIHOCT OT XOJOBE TaKa, Y€ BCUYKM 4YKCJa B TabIMIlaTa Ja cTaHAT HEOTPHU-
LaTEJTHM.

Bropu nen

3apaua 4. B tpubreanuk ABC e Brucana oOKpBKHOCT ¢ paauyc 7. OKpbk-
HOCTH C PAJMyCH 7', I, ¥, (KBAETO |, F,, 7, < r) €& BIIMCAHH CHOTBETHO B BIJIMTE
A, B, C taka, 4ye BcsIKa OT TSX CE€ JONHPA BHHIIHO /0 BIMCAHAaTa B TPUBI'bIHUKA
OKpBKHOCT. Jla ce nqokaxe, ue v, + r, + v, >r

3anaua 5. Ha maprtu ¢ 99 roctu nomakunute AH u bo0 urpast cinennara urpa
(momakuHMTE HE BIM3aT B Opos Ha roctute). B kpbr ca pasnonoxenu 99 crona
Y ITbPBOHAYAJIHO BCUYKHU F'OCTH OOMKAJSAT OKOJIO cTOJNoBeTe. JlomMakumHuTE mpa-
BAT XOJOBE IOCJEAOBATENIHO, KaTo ce penyBar. Ha equH Xxon JOMakMHBT, KOWTO
€ Hapel, 3aloBs/iBa Ha HAKOIO OT MPABOCTOSILIUTE FOCTH Ja CEHE HA HE3AeT
CTOJI C; KO HSKOM OT CTOJIOBETE, ChCEHU Ha C, € BEUE€ 3a€T, TO CHIIUAT JOMaKUH
3aroBsA/IBa TOCTHT, CEIAI] HA ChCEIHUS Ha C CTOJI, J1a CTaHe (ako M JBaTa CTOoJIa,
CBhCE/IHM Ha C, ca Beue 3aeTH, JOMAKMHBT M30Upa eIuHUs OT BaMara U My Ha-
pexnaa na crane). Bcnuku HapexmaaHus ce M3MBJIHABAT He3a0aBHO. AH 3amouBa
I'bpBa; HEWHAaTa IeN € ciel KpaeH Opoil xomoBe na ObAar 3aeTu MmoHe k crona.
Omnpenenere HA-TOAIMOTO £, 32 KOETO AH MOJKE /1a TIOCTUTHE LIEeTa CH, HE3aBU-
cuMoO OT urpara Ha bo0.
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3agauya 6. Heka P (x) € HEKOHCTaHTEH IOJMHOM OT CTENEH N C paluOHAIHU
KOC(UIIMEHTH, KOWTO HE MOXKE J1a ObJie MPEACTaBeH KaTo MPOU3BEICHHE Ha JBa
HEKOHCTAHTHH TIOJIMHOMA C palMoHamHu KoedumueHnTtu. Jlokaxere, 4e OposAT Ha
nosmHoMHUTe Q(X) OT CTEIEH MO-MaJika OT N ¢ PallMOHAIHHA KOS(PHUIIUECHTH, TAaKUBa
ye P (x) nenu P (Q(x)):

a) € KpaeH

0) He HaABUIIIABA 7.

Pemenus
3agaua 1. [lle pasniegame 1Ba NoAXo/a 3a pellaBaHe Ha 3ajjayara, ¢ IpUiIoxKe-
HUE ChOTBETHO HA TEOPHUSATA HA YHCIaTa U anredpara.
IIbpBO perenmne (Teopusi HA 9UcjaTa): HeKa C Vo(r) O3HAYABAME CTe-
IIeHTa Ha 2 B KAHOHUYHOTO pazjarane Ha x. [lle jokazkeM 1o MHIYKIUAS, 1€
m
19(3%" —1) = m + 2 3a Besko m € N. Bazara na nngykiusra npu m = 1
k
e scua. Hexa 3a m = k nmame, e 15(3%° — 1) = k + 2. Karo usnomnssa-
k+1 k k k
me, we 327 —1 = (32 —1)(3% +1) u 32 +1 = 2 (mod 4), nonyuasame
k+1 k k
(37 — 1) = 1»(3% — 1) + 1637 +1) = k + 3, ¢ KOeTO HHIYKIUATA ¢
3aBbPIICHA.
m
Ha Bzemem n or Buga 2" 3a Hsakoe m € N: . u Heka 32 =
m
q2®" + r, kbaero ¢,r € N u r e ocrarbkbr. [le pasriegame ypaBHEHIETO
m m
o mod 2™2, Bewe mokazaxme, we 32 = 1 (mod 2™, a 212 e 22
or m+ 2 < 2™, orkbiaero cieaa r = 1 (mod 2m+2). Ako nonycuem, ue
r=1= 3" =1 (mod 2?"), koero e nporusopeune ¢ v5(3%" — 1) = m + 2.
Cremosarenno 7 > 2™2 + 1 u or uz6opa na m (272 > 10?°2!) cme rorosu.

2m—|—2 > 102021

Bropo pemienue (anrebpa): Heka 3" = a,2" + b, 3a Bcako n € N u
an, by, € N. [la momycuem, 1ge pegunara ot ocrarbiu {by, } € orpanmdena oTro-
pe ot msakoe M € N, t.e. b, < M 3a Bcaxo n. zdbupame n: 2" > 3M . mawme,
e

San

3n—|—1 —=3. 2nan +3bn — 2n+1 +3bn — 2n+1 \‘362LRJ + 3b +2n—|—1 {3an}

OctarbrbT 3b, +2" 1 { } e mo-MasrbK ot 2" zamoto 3b, < 3M < 2" or

Ban

1
uz6opa na n u 2" { } < 2ntlh. 5= 2" OrryK cieqBa, Ue TO3U OCTATbK

3a,

e BCBIMHOCT bpi1 = bn+1 = 3b, + 2"t { } > 3b,. Karo npumroxkim

[IOJTy9YE€HOTO k TI'bTU, JOCTUTAMe 710 by g > 3k bn. Hocrarbano e j1a u3depem k:

3% > M u me gocrurrem 1o npormsopedne or M > bp1k, T.€. JOIyCKAHETO,
Ye pe/iiaTa OT OCTATBIU € OrpaHuYeHa, € IPEITHO U 3a/[adaTa € pelieHa.
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3agaua 2.

[TbpBo na orbenexum, e or AF = CD u BC = EF = AC|DF u BF||CE,
it KaTr0 ABCDFEF' e Buucan mectobrbinuk. Orryk mocturame n0 FQCP
— ycnopennuk. Karo usnonzsame yeiosusita F'S = BQ u FR = DP, nony-
qapame u 9e SBCP u RQCD ca ycuopenauinu. Cera Heka n3depeM TOUYKa,
M raxasa, ve BM DC' na 6bie ycunopegauk. Moruparnusita 3a To3u u3dop e,
1e MC pasnonoBsiBa BD, u ciegoBaTeHO € JOCTATHIHO CAMO Ja JTOKAXKeM
T e MC.

Nmame RQCD nw M BCD — ycniopenaunu = RQ BM cbIno e yCriopeHuK.
Buaun FS||RM, vo FS = BQ = RM, 1.e. u FSMR e ycnopeaauk. OTTyK
Hal-JlecHUAT HaYWH Ja nokaxeM, de T € MC'| e upe3 teopemara na Mene-
nait, 3aToBa mocrposibame L = MSNPC. Ot obparnara Teopema Ha Menesaii

PC LM ST
. . pu— 1.
3a APSL n npasara T'C' e 10CTaTbIHO 1 JTIOKAYKEM CL MS T PP c

Karo Bzemem mpeasu, ve FSMR u FQCP ca ycnope HUI, nMamMe

FQ LM PR
0s " MS ~ RE’
FQ PR ST
OS RF TP

RQ u cme roToBw.

CL ~

C KOETO TbpCeHOTO TBbLpJAeHUEe CTaBa €KBUBaJICHTHO Ha

= 1. Ilocnennoro e Bapuo or Menemait 3a APSF u npaBara
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Jpyr HaUuH J1a ce JMOBBLPINN 3a/a4aTa e Jia U3Mo/3BaMe TeopeMara Ha Jlesapr
da AQSM u ARPC. T =QRNSP = T € MC e ekBuBajieHTHO Ha Q.S N
RP=F, SMNPC=Lu@MnNRC na nexar Ha eJTHa [IpaBa, T.e. NCKaMe
QM, RC n FL na ce npecuuar B emHa touka. Heka K = QM N FL u me
nmokazkeM, ge K € RC. Ot Teopema na Menenait 3a AFSL u npasa KQ
gCS? . ij\i . ?{,I; = 1, a or ycunopemuurure FQCP u FSMR
FQ PC SM FR PC LK FR
0Os cL " ML RP ~ CL KF RP
reopeMma Ha Menenait 3a AFPL n toukn R, K u C' nonydaBame K € RC n
CMe TOTOBH.

IoJIy YaBaMe

nMamMe = 1. Ot obparnara

Bamayga 3. /la orbeseknm, de cael BCeKN X0, cOOPBHT Ha UNC/IaTa BbB BCSIKO
Mon MHOIHCECME0 Ce 3alla3Ba, W Ue pa3MsiHaTa Ha peJoBe WM KOJOHU He
npomens yciosuero. e mokazkem 3agadaTa MO0 WHILYKITUS:

I)n=2

al|b
c|d

Ot ycmoBuero umame a +d > 0u b+ ¢ > 0.

Karo npubaBuM ¢ K'bM TOPHESI Pejl U U3BAJIUM OT JisiBaTa KOJIOHA, HA MSICTO-
TO Ha b 1 ¢ moJiygaBaMe ChOTBETHO HeoTpuraTeaHoTo b+ ¢ u 0. AHagmormaHo
npudapsiMe d K'bM TOPHHUSI el U BaIUM OT JsICHATa KOJIOHA, C KOETO IeTUPUTE
qKCIa Ha TabJINIaTa CTaBaT HeOTPUIIATEHA.

2)n==kF

Jla momycHeMm, de 3a Bcsika Tabsmia k X k, USIIbJIHSBAINA YCIOBHETO, ChIEC-
TBYBa MOPEINIA OT XOJOBE, ¢ KOSITO MOYKEM Ja HAIIPABUM BCHYKH YHCJIA B
TabJIUIATa HEOTPUIIATEITHH.

)n=k+1

Pasrexxame mon muootcecmeo ¢ Haii-marbk cbop (Heka Toit e S) Ha unciara
B Hero m3Mexy tesu ma tabmunara (k4 1) x (k+1). Moxem ga msbepem
eJIHa KJIeTKa OT TOBa MHOYKECTBO M JIa HAIIPABUM YHCJIOTO BLTPE PAaBHO Ha S.
Tosa ce mocTura, KaTo 3a BCsIKa OT JIPYTHUTE KJIETKH B 1MON MHOMCECTEOMO
n3BazkjlaMe 4YHCJI0TO B Hesl OT HeifHaTa KOJIOHa M Io IpubaBsiMe B pejia, B
KOHITO ce ¢bIbp:ka n3dpaHara KjaeTKa. 1bil KaTo MOXKeM 1a pa3MecTBaMe KO-
JIOHUTE U peJloBeTe, 0e3 orpaHnyveHne Ha OOIMIHOCTTa cuuTame, e n3dpaHaTa
KJIETKA € B JOJHUS JIeCEH bI'bJl HA TaOJIMIATA.

Cera na pasriiegame k X k Tabymiara, KosaTo He BKJIIOYBA Hall-IOJHUS el 1
Hail-AsicHaTa KoJioHa. Besiko oT mon mHoocecmeama B Hest oOpas3yBa 3aeIHO
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C JIOJIHUS JIECEH bI'bJI MOon MHodtcecmeo B roisMara tabsuna (k+1) X (k+1)
= cOOpoBeTE HA YUCJIATA BbB BCSIKO 1MON MHOMCECME0 HA k X k Tabiunara ca
HeoTpUIaTe/IeH (U [IOHEe eJIMH OT TsX € paBeH Ha (), B IPOTUBEH CJIydail ChIlec-
TBYB& MON MHOHCECME0 ChC COOP MO-MarbK oT S B Tabsumara (k+1)x (k+1),
KOETO € TIPOTUBOpeYdre ¢ MUHUMATHOCTTa Ha S. CieloBaTeIHO MOYKEM J1a W3-
IMoJI3BaMe UH/IYKIIMOHHOTO MPEJIIIOJIOXKeHNEe 3a k X k Tab/muiara 1 j1a HallpaBUM
BCUYKM YUCJa B Hesl HEOTPUIATENHU (TOBa HE IMPOMEHsI Hal-J[siCHATA JIOJIHA
KJIETKa OT rojisiMara Tabsuma). mame mon muootcecmeo ¢be cOOp Ha dncia-
Ta 0 B k X k Tabimnara = BCUYKU IHCJIa B HEIO TpAOBa 1a cTaHAT paBHu Ha 0.
OTHOBO ¢ pasMecTBaHe Ha PEIOBETE U KOJOHHUTE MOXKEM 12 HO3UIIMOHUPAME
Te3W HY/IW 0 TJIABHUsT JTUATOHAJ, CITyCKAI] e OT TOpe JISIBO O JIOJY JISICHO.
Heka cera auciara na Haii-noraus pej Ha (k+ 1) x (k+ 1) Tabaunara ga ca

CBLOTBETHO A1, A2, ..., A, S OTJISIBO HAAICHO. Tabmiara U3raIeKaa 110 CJIeTHISI
HaunH (¢ + GeJIe’KUM HEOTPHUIIATEHO YUCIIO):

0| + +

+ 10 +

+ |+ 0

ai | as ap | S
Cera 3a Bcsiko © € 1,2, ..., k npaBuM cjegHaTa IIOCIEI0BATEIHOCT OT Olepa-
I

HamansiBame guciiara oT mocjeIHust pel ¢ b; u yBeandaBaMe TE€3W OT i-TaTa
KOJIOHA, OTJIsIBO HaJIsicHO. [lociie m3BazkiaMe or ¢-Tata KoJIoHa b; u nmpudansi-
Me B Hail-ropHust pej ¢boTBeTHO. Hakpasi HaMaJisiBaMe Hali-rOpHHUsl pell ¢ b;
U yBeJjimdaBaMe Hal-JigcHara KOJIOHA.

Benencrsue ma Te3n onepanun gucaara B k X k TabamiaTta M TOBa B JOJTHUS
JIeceH 'bI'bJl Ha OCHOBHATA Ce 3aIla3BaT, a BCUYIKU YUCA OT a1, A2, ..., A OCBEH
a; Hamagsisat ¢ b;. OcraBa na mogbepem by, bo, ..., by Taka, 1e ay,as, ..., ap J1a
craHaT HyJIU. 3a [ejTa TPsiOBa 3a BCSIKO i J1a € U3II'bJIHEHO:

k
ai:ij—bl
j=1
k
= aj=(k-1)> b
7j=1 7=1
k
b Zj:laj
(2 k—l - 1
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[Ipu TakbB m300p Ha b; a; craBar mynu. Cera ocraBa jia 3a0€JIE€KUM, b€ MO-
JKeM J1a obpasyBaMe CJIEIHOTO MOoN MHOHCECTEO C BCAKO €JIHO YUCJIO OT Haii-
JIsICHATA KOJIOHA: B3UMAaMe Hero, CAMETPUIHOTO My CIPSIMO TJIABHUS JUATOHAJT
oT Haifi-JoHus pejt (KoeTo 1me e Hysna) u k — 1 Hyau or auaronasa (6e3 tasm,
KOSITO € Ha peja Ha u3dbpaHaTa KJETKa M Ha KOJOHATa Ha CPEILyIoJOXKHATa
7). Ilonexke c60pbT HA YHCIATA B TOBA MON MHOICECTNEO € HEOTPUIIATEIIEH, a
BCUYKN OCBEH M30PaHOTO Ca HyJId, TO 4UcjaTa B ASCHATA KOJIOHA TpsOBa J1a
ca HEOTPUIATETHU U MHIYKIMATA € 3aBbpIICHA.

ri .
3anaya 4. Ille uzpaszum oTHoieHusdTa —, ¢ = 1,2, 3, U 1Ie JIOKaXKeM, 1e Cy-
r

Mara nM e moHe 1. Ille mokarkeMm /Be perreHns Ha 3ajavdaTa, KATO U3MOI3BaMe

O3HAYEHUATA OT YEPTEIKUTE.
IIbpBO perienue

Heka S e mommpHara ToYKa Ha JBeTe OKpbxKHOCTH 1 SK e obmara UM BbT-

pemnna jomuparenta (K € AB). KF u K S ca jonupare/iHn KbM BIHCAHATA
B NAABC okpbxkuocT, 3Hadn K F = KS. Ananornano u KS = KT = K e
cpena vHa F'T. Heka ZABC = 3. Cera nmame

/TK 90° — &8
/TKI, = S: 2 :450—é
2 9 4
/FI 90° — 8
/FIK = S: 2:45°—§
9 2 4

Orryk ciensa, ve AFIK ~ TKIy, mw oT m0omo0HeTo mojgydaBaMe 1 - ro =
FK - KT = FK?. HamupaMe OTHOLICHUTO MeXKTy paJInyCuTe:
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FK?
FK
N (—)? =tan? ZFIK = tan® (45° — ﬁ)
r r r 4
r r
AHAJIOTMMHO U3BEK1aMe OTHOIIEHUAT — U —, OTKBIETO € JOCTATHIHO Jia
JIOKazKeM, de " r
Q
tan® (45° — —) + tan? (45° — é) + tan? (45° — 1) >1
4 4 4
d? 2(1+4 2sin*z
Nname — tan® x = (1+ ) > 03az € (0, z), Te. tan’z e m3mbK-
da? cost 4

HaJla Cl)YHKLLHH B JaJcHus MHTEepBaJl. Karo nmame npeaBu/ ToBa, MO2KEM J1a

MIPUJIOYKUM HepaBeHCTBOTO Ha Mencen:

1 1 1 A
§~tan2 (450—%)+§~tan2 (45°—§)—|—§-tan2 (450—%)§
it 1 oY B v ) V3., 1
> tan?(= - (45° — & 1 45° — C 1450 — D))=t o — (Y222
_an(3(5 4-1-5 4-1—5 4)) an” 30 (3) 3

Karo ymuoxkum 1o 3 1BeTe cTpanu, JOCTUTAMe JI0 ThPCEHOTO HEPABEHCTBO, C
KOETO JIOKA3aTEeJICTBOTO € 3aBbPIINEHO.
Bropo penienne

AL, LL
Or I, L| I K mvame A_Il = Il_K (Tamec). Karo 3amecTuM ¢ 7 1 7 mostydaBame
AL 1 Al r+r C e
————— = —, OTK'b/IETO HaMHpaMe =7 - . Cera sin — =
Al +r+1r; r’ A P ! L T 2
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IlL r—r T
—— = ——— (cJIe KaTo ChbKPATUM Ha 71 ) ¥ KO O3HAYUM — C @1, JOCTUTAME
Al r+nr r
Y 1—aq e
10 smE = 5o ITocsieHOTO € eKBUBAJICHTHO Ha Sin 5 (14+a) =2—
a1

(I14+ay), wmn 1 +a; = —. Ilo cbmumsa HaunH pa3cbiKaaBaMe 3a Ay 1

1 + sin 5
as. Vckame ja jgokKaxkeM, 9e aj + az + ag > 1; KaTo 3aMeCcTUM C I10JIy4E€HOTO
3a a; U pa3aeJuM Ha 2, HepaBEeHCTBOTO CTaBa €KBUBAJIEHTHO HA:

1 1 1

: + + : >2
1 +sin§ 1—|—sin§ 1 +sin

[Ipunarame HepaBerncrBoro Ha Kormmu-IIIBapir:

1 1 1 9
- + + - >
1 +sin § 1—|—sin§ 1+sm% 3—|—sin%+sin§+sin%

e ) .y 3
= JlocTaTbyHOo € Ja JoKaxkKeM, de sin 3 + sin — + sin 5 < 5

2
(5 sing) sin g = 2ein e U8 s “ 0 <
< 250 217 +1—2sin2—a2:5
3
KaTo MOIOKIM Sin — 1— g = x, IecHO ce BIzKa, ue 21 41 — 222 < - sanoro

[IOCJIETHOTO € €KBUBAJICHTHO Ha (21 — 1)2 > 0.

3agaua 5. Otrosop: 34

[lle Hapuyame MpemMecTBaHe X0Ja, MPH KOWTO €AWH OT UTPAYUTE MOCTABS HS-
KOM OT TOCTUTE Ha CTOJI C M Kapa HAKOM OT ceHanuTe Ha ¢ — 1 unu ¢ + 1(nmpuema-
Me, Y€ TakbB UMa) aa ctaHe. [la orbenexum, 4ye ako AH HaNpaBH MPEMECTBAHE,
T0o BoO MOXe /1a HampaBW 0OPAaTHOTO MPEMECTBAHE | JIa BbP- HE UTpaTa B ChIIaTa
MO3ULIUS.

Heka bo6 e pasmenun cronoBere B HA4anoTo Ha 33 Tpymnu Mo 3 MocienoBa-
TenHu ctona. CTparerusra My € cliegHara: ako AH HalpaBW IpeMecTBaHe, boo
BpbIIA MO3ULUATA; ako AH 700aBu roct (6e3 1a Kapa Apyr Jla cTaBa) B KpalHOTO
nojie Ha HsKos Tpymna, bob mpaBu mpeMecTBaHe Taka, 4e J1a ObJe 3aeT CTONBT B
cpenara Ha rpymnara; ako AH 100aBH rocT B cpefara Ha HiIKos rpyna, bod mobass
JpyT B cpejiaTa Ha HiKOs He3aeTa rpyna (ako Takasa uma). Taka boO rapanrtupa, ue
Ce/IHAJIUTE ca B IIEHTbpA HA TPYyTHTE.
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[a pa3rnename MOMEHTA, B KOWTO Ca 3a€THU CPEIUTE HA BCUUKUTE 33 rpymu.
Axo AH e Ha X0f, TS MOX€ J1a HallpaBU €AUHCTBEHO MPEMECTBAHE, IIPU KOETO
bo6 BpbiIa mo3unusaTa n OposAT ceaHanu xopa me € 33. Axko bo6 e Ha xof, Toi
TpsAOBa Ja HampaBM MPEMECTBAHE B HAKOS OT I'PYIHUTE, MPHU KOETO AH MOXE J1a
cinoxu 34-Tu 4OBEK B Npyrusi kpail Ha rpynara. Cera bo6 mpaBu ob6parHOTO
MpeMeCcTBAaHEe Ha MUHAJIUS CH XOJ M OT Ta3| MO3UllMsl AH Beue MOXKe J1a IpaBu
camo mpeMmecTBanus, kouto boo Bpbina. C ToBa bob orpannuasa Opost Ha cej-
HasiuTe 10 34.

[Ile nokaxkxem, ye AH MoXxe J1a mocTaBu 34 rocTH. AKO B3EMEM pa3eisHETO
Ha 33 rpynu ot 1o 3 crona Ha bo6, AH MOXXe 1a rapaHTupa, Y€ BbB BCAKA I'pyma
MMa CeJIHaJI YOBEK, KaTo MOCTAaBs rOCT B LIEHThPA Ha HE3a€TUTE IPyIHU, C KOETO
MOXe Ja cu ocurypu noue 33 ceananu. [la 3abenexum, ue OposT Ha CEHAIUTE
TOCTH Ha BCEKH XOJI WJIM OCTaBa CBhIIUAT, Uiu ce yBenuuaBa c¢ 1. Heka cera pas-
raeaMe MOMEHTa, B KOMTO AH HE MOe J1a J0OaBu mmoBeye xopa. AKO Ha Kpbra
Beue nma 34 yoBeka, cMe roToBH. Jla momycHewm, ue cenHanute ca 33 u HsIMa
MOCJIEIOBATEIHOCT OT TPU HE3aeTu cTojia (MHaue AH noctaBs 34-THsS YOBEK B
cpemara Ha Ta3u MOCIEAOBaTEIHOCT). = CelHalINTe TOCTH IIe ca Pa3NoIOKEHU
npe3 ABe npa3Hu mecta. Cuutame, 4e T€ C€ HaMUpaAT B LEHTpoBeTe Ha 33-Te
IpyIX OT 110 3 CTOJIa U 1Ie HapuyaMme Ta3u no3unus jgoma. [lle Buaum xak tpso-
Ba J1a urpae AH, 3a 1a nu30erHe jomra nmo3unus. mame aBa BapuaHTa 3a Xo/ja Ha
bo0, cnex xoliTo AH MOXe J1a IMOITaJHE B HEs.

BapuanTt 1 bo0 e no6aBun 33-Tust 4OBEK B cpejiara Ha OocTaBaliaTa rpyna,
TOECT Ha MPEIHUs CU X0 AH € MOCTaBUJIa YOBEK B CpejaaTa Ha HIKOS OT ApY-
rute rpynu. Heka BMECTO TOBa Ts IO OCTaBU B €IMHUS Kpaii Ha rpynara (X,).
[TonyuyaBa ce ciaegHaTa KOH(pUTypanus:

XL Ix[ x| [[[X] ] [X]

Jla orOenexum, 4e MMa He3aeTa MOCJIEN0BAaTEIHOCT OT 5 cToja (IeTopka).
Axo bo0O nmo0aBu HOB 4OBEK, AH HsIMa Ja ce OKa)kKe B Jioma mo3unus. Axo bo0
HalpaBy MPEMECTBAHE, TAKa Y€ 3a€T JIa CTAHE CTOIBT OTIAACHO Ha X, AH T0CTa-
Bsl UOBEK B cpejiaTra Ha IeTopkara, ¢ koero bob rnonaza B jioma no3unus u ciief
xona My AH MOke Jaa pa3noiiku 34-tust yoBek. Ako boO HanmpaBu mpemecTBaHe
Ha X, B JIABOTO MOJIE, CE OCBOOOKIaBa APyTa IMOCIIENI0BATENHOCT OT 3 HE3AETH
CTOJIa, B YMATO cpena AH cnara 33-Tusi 4OBEK, M ThH KaTo MMa neTopka, boo e
MOXe 1a gokapa AH 10 jgoma nosunus. B ciydait ye bo6 ne npemectn X, nnm
X,, AH cliara Ha XoJla CH B cpejiata Ha TpOMKaTa He3aeTh Mexay X, u X, u uma
MIOCJIEI0BAaTEIHOCT OT MOHE 4 HE3a€TH CTOJIa OT ETOpKAaTa MPEIU CIAeABAIIUS X0/
Ha bo0, mopaau KoeTo T4 HAMa Jja ce 030BE B JIOMIA MO3ULHMS cie xoaa my. Ocra-
BSIME Ha YMTATENIMTE Ja pasriiefiaT ciaydas, B KOUTO, npeau AH Aa ClIoku 32-pust
YOBEK, TOCTUTE CEST Mpe3 JIBE€ U UMa nopeaula or 8 Hezaetu croya. Ciayyasr ce
peliaBa aHaJIOTUYHO.
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Bapuanr 2 bo0 e HanpaBun mpeMecTBaHe, ¢ KOeTo AH € TMomajHaga B JIoma
no3unus. Torasa ciex npeaxoAHus XoJ Ha AH MO3MLUATA TPSAOBaA qa € Ouiia Karo
no-rope, camo 4e 0e3 netopka (¢ O He OeneXKUM CeaHAN YOBEK):

(X[ [[Xe[[Xx[[o] [X][][X]

AKO Ha XoJa cu AH € MOCTaBuIa 4OBEK Ha X, HEKa BMECTO TOBa I'0 MOCTa-
BH Ha JCHOTO ToJe, mpu KoeTo boO mie e B joma mo3umus. Ako AH € urpaia
Ha X,, HEKa BMECTO Ha TOBa MACTO MOCTaBH 40BeK Ha O. AKO IbK € Wrpaia,
claraifiku HSKOM OT APYTUTE rOCTH, HEKa BMECTO TOBA MOCTABU TOCTA TaKa, 4e
Jla cCellu Tpe3 €HO, a He MPe3 JBE MecTa OT ChCeNHus censuy yoBek. M B aBara
clydasi UMa JIBe IBOMKH Xopa, CEASLIM pe3 eIHO0, TOECT ¢ Xo/a cu bo0 He Moxke
na BKapa AH B jiomia no3unus. Taka AH cu rapanTupa 34 censiuu.

3apgava 6. Heka o, a,, ..., 0 Ca KOMIUIEKCHMTE KOPEHH Ha MoauHOMA P (X).
[IbpBO 111€ JOKaXkeM CIETHOTO TBbPJICHUE: aKo P (X) He MOXe J1a Ce MPEICTaBU
KaTo MPOU3BEJICHUE Ha JIBA MOJIMHOMA C PAlMOHATIHUA KOC(DHUIIMEHTH, TOU € MU-
HUMAJICH MOJIMHOM 3a BCEKU OT KOpeHHUTE cu. Jla JomycHEeM MPOTUBHOTO, T.€.
3a HIKOW KOpEeH 0 MHHUMAIIHUAT My IOJMHOM e P,. Karo 3amecTuM x ¢ o 6

P (x) =P (x)*R(x)+T (x), mony4aBame T(aj ) =0, u THI KaTO CTENEeHTa Ha T € To-
HHCKa OT Ta3u Ha P, a P| e MUHUMaJICH 32 a;, TO T (x) TpsOBa na e paBeH Ha 0.

[TocneqHoTo 0Oaue HAMA Kak 1a Ob/ie U3I'BIHEHO, Thil KaTo P € Hepa3lioxKuM, U
JIOTIyCKaHETO HU € rpelrHo. BeneacTeue 3akioyaBamMe U 4e BCUYKH KOPEHU Ha
P ca paznuynu (ako MMa KpaTeH KOPEH, TOH TPsOBa /1a € KOPEH U Ha MPOU3BO/I-
HaTa Ha P, KOETO € B IPOTUBOPEUHUE C TBHJICHHUETO).

a) Axo P (x) nenu P (Q(x)), Tpsabsa QO(a, ) cbIIo na € KOpeH Ha P (x) 3a BCAKO
k=1,2,..n(ot P(a,)=0=P(Q(a,)) = 0). OTTyk cienpa, 4e¢ CTONHOCTUTE
Ha Q B Oy Oy ooy O oOpaszyBar peauia a,,q,, .., & ,BCEKH YJIECH Ha KOATO €
KOpeH Ha P (He 3abJDKUTEIIHO Ppa3]IMdHu). BposaT Ha Te3u peaunu € n U Beska
OT TAX ONPENENS €AUHCTBEH NMONMUHOM Q (MHAYe OT O, O, ..., & — PA3IUIHH =
CBIECTBYBAT JIBa PA3JIUYHHU MMOJIMHOMA ChC CTEICH MMO-MaiKa OT 71, KOUTO MUHA-
BaT Npe3 N PUKCHPAHU TOYKH, a TOBAa € HEBB3MOKHO). CiienoBaresHo OposiT Ha

BB3MOXKHUTE MOJMHOMHU ((X) HE HaJBUILIABA n".

6) Kakro orbens3axme B mpeaHaTa MOATOYKA, 32 BCEKH MOIUHOM Q, KOHTO
M3IIbIIHABA yCI0BUETO, J(a,) TpsAOBa na € paBHO Ha a, 3a HAKoe . ChimecTyBa
obaue Hall-MHOTO eMH MOJMHOM Q ChC CTEMEeH, MO-MaiKa OT N M PalMOHATHU
KoepuUuUeHTH, TakbB ue Q(a) = a; . B nporusen ciy4aii, ako Q (o) = Q,(a,)
=@, o IIe € KOPCH HA HeHYICBUs MOINHOM Q, — O, KOHTO € ¢ palHOHATHH
KOE(DUITMEHTH U CTEIeH, IM0-MaJika OT 71, @ TOBA € B IPOTUBOPEYHE C TBHPACHHUE-
10, 4¢ P ¢ MmuHuMaJeH 3a a,. C ToBa OpOAT Ha BE3MOXKHUTE MOJMHOMH O(X) HE
HAJ[BUILIABA A.
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THE 17TH ZHAUTYKOV OLYMPIAD IN MATHEMATICS,
PHYSICS AND COMPUTER SCIENCE

Abstract. The paper includes a review of the contest papers in mathematics
of the two days of the 17th International Zhautykov Olympiad with a virtual host
Kazakhstan and the Bulgarian participation therein. It contains the contest problems
and the solutions of the first three authors, in some cases with several approaches
to the problems.
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