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Pesrome. B cratusara ca pazBuTu METOIM, ¢ KOUTO CE PENIaBAT CJOXKHU
33JIa9U OT HHUBOTO HA OJMMIHAJMA [0 MATEMATHKA, KOHUTO Ca HEOOXOIUMHU
KAKTO HA YYEHWIIM OT TMMHA3WAJHUS KypC, TAKA U HA TEXHUTE yIUTEJIH.
B ocHoBara Ha Te3u MeTOMM JIeKY eHa (POPMYJIa 38 JINLE HA YeTUPU b bJIHUK
¢ IBOiTKa paBHM, HO HEYCTIOPEIHU CPENIyTOJOKHN cTpanu. T 6e moaydena
KaTO YaCTeH ciydait Ha 1mo-o61ra (hopMyia 3a JINIe HA TPOU3BOJIEH N3 bKHAI
YeTupUbrbIHUK, pasmienana B (Stefanov et al. 2024). Tyk me gokazkem
Tazu GopMysa MO HO-TPSIK HAYWH W Ie pasriejaMe MPUIOKEHHETO U 3a
edeKTUBHO pellaBaHe Ha NeOMETPUIHE 3aAUH.

Karowoeu dymu: crienyajien BT YeTUPWHI'bJIHUIN; (DOPMYJIH 3a JINIE;
JINIE HA YCTOPEHWK; 33/1a49n

1. BuBeaenne

KbMm nsnoszBanuTe npe3 roguauTe GopMy i 3a JIUAIE HA TPOU3BOJIEH W3-
I'bKHAJI YeTUPUbI'b/JIHUK OT HAa4a0TO HA XX Bek Hacam Osgxa jgobaBeHu pej
uosu. [lo exna or Te3u opmyan, uznoxkena B (Siddons & Hughes 1929), -
OETO Ha YEeTUPUHBI'BJIHUKA CE M3Pa39Ba YPE3 ABJIZKUHUTE Ha CTPAHUTE MY 1
TaHTEHCA Ha 'bI'bJIa MKy HETOBUTE JUATOHAJIN, [TO-IPYyTa, Pa3rjelaHa ChIno
B (Siddons & Hughes 1929) — upe3 jb/KUHATE HA CTPAHUTE W JUATOHAJINTE
My, a mo-Tpera, uznoxkena B (Stefanov et al. 2024)  upe3 gabjokuHUTE HA
CTPAaHUTE W TPUTOHOMETPUYHU (DYHKITUHU HA JAPYTH BIVIM B U€TUPWHI'bIHUKA.

OxkasBa ce, biiarojapenue #a m3bpoenute GhOpMysn 3a JUIE HA YETUPHU-
BI'BJIHUK C€ TOIYIaBAT TMPOCTU METOaN 32 e(DeKTUBHOTO pEIlaBaHe Ha OTpe-
JIeJIEHU TUTIOBE 33/la9d C TIOBUINIEHA, TPYAHOCT. Ha rbpBO MsICTO — TOBA Ca 3a-
Ja9n 34 U3pa3ddBaHe Ha JINIaTa Ha OIIPpeJeJIEHN BUJ0BE€ MHOTOBI'bJIHUIIN 9PE3
JIMHEHHU ¥ bIJIOBU €JIEMEHTU Ha ChIMUTEe, KAKTO W 33]a49M 33 JOKa3BaHe Ha
OTIpeIeJIEHN 3aBUCUMOCTHU B MHOTO'LI'bJTHAIIATE, KOUTO 3aBUCUMOCTH CBHP3BAT
TakuBa eqeMenT. Ha BTOpo MsicTo — 3aja4u 3a JOKa3BaHe, u€ OTHOIIEHUETO
Ha JBa OIIpeJesIEeHN n3pa3a OT JIMHEHHN eJIeMeHTH Ha YeTUPU'BI'BJIHUK TIPUEMa
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ompeiesieHa InucoBa croitnocT. Ha Tpeto mMsicTo 1me oTbeneknM 3agatunTe, B
KOUTO C€ M3NCKBa JIMIIETO Ha JAaJCH YeTUPUBI'LJIHUK, BJIN3aIlll B OIIpeae/eHa
KoupUrypanus, j1a ce u3pa3u Upe3 TOYHO OIPEJIEJIEHN eJIeMEeHTH HA KOH(pU-
rypamusra.

B 3aBucnmocT 0T KOHKpETHUsT BU Ha JaJleHaTa 3a/ad9a Ce N3M0JI3BaT pas-
JIMYHY HAYWHU (METOM) 3a HefiHOTO pemasaHe. AKo 3ajadara € 0T MbpPBUs
THUII, B CJIydasi, KOraTo B Hesl C€ ThPCU JIUIETO Ha ONPEeIeeH BUJ MHOTO-
bI'bJIHUIIW, METOABT 3a pelraBaHeTO ue ,Zl;06pe II03HAaT MHOI'ObI"'bJIHUK'BT C€
pas3buBa HA YeTUPUBI'LIHNAIN, KOUTO TO MOKPUBAT B CLBKYIIHOCT W HAMAT 00-
I BBTPENTHU TOYKW TTOMEXKIY CH. .HHHaTa Ha OTACTHUTE YeTUPUHT'BJIHUIN
ce M3Pa3ABAT TI0 eHA OT N30POEHUTE TTO-rOpe hOPMY/IN U Oy ICHUTE N3PA3N
ce cvbupar. Ciiesl onpocTsiBaHe Cce TOJydaBa JUIETO Ha Ieusl MHOTObI'bJI-
HUK. AKO 3ajiadara € 0T I'bPBUs TUIL U CE€ U3UCKBA JIa CE JI0KaXKe OLPeesieHa
3aBUCHMOCT MEXKJy eJIeMEHTH Ha PAa3IVIEXKIAHUS B Hes BUJ MHOTObI'bJIHUIIN,
yrobeH e CIeJHUST HaYWH 3a HeWHOTO permasare. THpCcUM TaKbB UeTHPH-
BI'BJIHUK C BbPXOBE M3MEXK Y BBPXOBETE Ha JaJ€HNA MHOTOBI'BJIHUK, € aKO
U3PA3UM JINTETO MY TI0 JBA PA3JINYHU HaAYMHA — C TOMOINTa Ha JABE€ PA3JINIHN
dhopMy/in, ¥ IPUPABHUM TIOJIYUEHUTE U3PA3U, JIa MOJIYUUM KEJTAHATA 3aBUCH-
moct. To3m Hauwn 3a pemaBaHe Ha 3a7aUara Mpeanosara (H3UCKBa) HEMAJIKA
CHOOPA3UTETHOCT OT CTPAHA HA YIECHUITUTE.

Pemraparmero ma 3agadm 0T BTOPWsT THUIT, B KOWTO TPsiOBa [1a ce JOKake, 1e
OTHOIIIEHUETO Ha JBa U3Pa3a OT eJeMeHTH Ha JaJIeH YeTHPUbIbLIHUK € PABHO
Ha oImpeaesjieHa 9uCjJI0Ba BEJIMYNHA, CTaBa, KAaTO TOBAa OTHOIIEHHE CE 3aMeHNn
C OTHOIIEHUETO Ha JIMIlaTa Ha JBa OIIPpeJe/ICHN YEeTUPDU'bI'bJIHUKA, CBbP3aHU C
JTaJleHus. 3a TejTa ThPCUM TaKUBa JIBa YeTUPUHI'bJIHNKA (CBBP3aHU C Taje-
HW$I), Y€ OTHOINIEHNETO Ha TEeXHUTE JINIA, W3Pa3eHN C MOIXo/sa GhopMyIia,
Jla ChBITaja ¢ OTHOIIEHWeTO Ha m3pasure. Taka 3amadara ce CBeXIa J0 Mpo-
BepKaTa, Y€ OTHOIMEHNETO Ha JINIaTa Ha JBaTa YeTUPUBI'bJIHUKA € PAaBHO Ha
BBIIPOCHATA YUCJIOBa BEJIMYMUHA.

MetoabT 3a pemaBane Ha 3aJa49d OT TPETHA THII, B KOUTO Ce N3NCKBA JIN-
[IeTO Ha YeTUPU'BbILIHNK, BIW3AII B OTIPeJIe/IeHa KOH(MUTYpaIst, J1a Ce N3pasu
upe3 JajieHn eJeMeHTH Ha, Ta3u KOH(MUTYPaIWs, € ChBCeM MPOCT. 3a IeJiTa e
n3bupa TtakaBa opmysia 3a JUIE HA YeTUPUBI'bIHUK, C MOMOIITA HA KOATO
JIMIIETO Ha B'BIIPOCHUA YETUPU'BI'BJIHUK CE U3Pa3dBa 4Ype3 JaJeHUTe eJIEMEeHTN
Ha KOH(MUTYPAITHITA.

TyK e M3JI0ZKUM DPEeNIeHNdATa Ha PEea 3aJa9n OT YIIOMEHATUTE TUIIOBE,
TOJIYYE€HU TI0 OMMCAHUTE HAYWHU. HpeﬂBapHTeHHO e m3BeJeM CIIOMEHaTaTa
¢dopmysia 3a Jnie HA YeTUPUBI'bIHUK C IBOMKA PABHU CPEILYTIOJI0KHU CTPa-
HU, KOSITO 3a€/HO C OINE €/IHa OT CIIOMEHATUTE B HAYAJI0TO (hOPMYJ/IU 1€ HU
CJTy’KU 32 pelraBaHeTo Ha 3ajaqnre. Tasu (mocsieanara) dhopmysia 3a juie Ha

126



Eona kpamka popmyna 3a auye na uemupuvbebaHuK ¢ 08e pasHil...

TTPOM3BOJIECH M3MMbKHAJI YeTUPUHI'BJIHUK € CJIeJHaTa:
1
S:Z(bQ+d2—a2—02)~tg<p, © # 90°. ()

Tyk a, b, c u d ca gb/KUHAUTE HA TTIOC/IEI0BATETHUTE CTPAHU HA Y€THPUBIbJI-
HUKA, & ( € bI'bJIT MEXKJY JUATOHAJIATE MY, KOWTO JIE?KU CPEIIy CTpaHaTa ¢
JBJIKUHA .

2. ®opmysa 3a JHME Ha YCIOPEIHUK C HEPABHU CbHCEIHU
CTpaHu

B mokazarenctBoTo Ha BhIpOcHATA (POPMYIa 32 JUIE HA YeTUPUHIBLIHITK
C JIBOVIKa PaBHU CPEIMYIO/JI0KHN CTPAHU IIe W3IMO0/I3BAME €JIHa MOJIe3HA W 3a
apyru nesu popMmysia  3a JIMie Ha YCIOPEIHUK C HEPABHU CbCEJIHU CTPAHMU.

@urypa 1 @urypa 2

Jlema. Hexa 6 ycnopednurxa ABCD deascunume Ha cmpanume AB u
BC' ca ceomsemno a u b, (a # b), a ocmpuam sesa mencdy Juazonasume
uma mapxa pg. Toeasa auyemo S na ABCD mooce da ce onpedeau no gop-
MYAGMA:

1
S:§’a2—b2|-tgg00. (1)

Jlokasameacmso. O3mavapame mpeceanara Touka wa auaronagnte AC n
BD ¢ O (dwur. 1). Be3 orpanndenue MOXKeM ja CAUTaMe, Y€ OCTPUAT bI'bJl
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Mexay amaronanute uHa ycnopeaanka ABC D, mapkara Ha KORTO 110 yCaoBue
e ¢g, € brbabr BOC, 1.e. ye L BOC < LBOA. [pere crpanu BO u CO na
ABOC ca cworBeTHo pasunu Ha asere ctpann BO u AO wa A AOB. 'bruabt
BOC wmexnay mbpBara ABOWKa CTpaHW € MOo-MaIbK OT brbjaa BOA mexay
BTopaTa jaBoiika. Torasa abkunara Ha Tperara crpana BC na A BOC e e
mo-MaJIKa OT IbJIKUHATA Ha Tperata crpana AB #a A AOB, T.e. 11 numame:
b < a. Or £BOC < 90° ocBen ToBa cjiejiBa, 4e OPTOrOHAJHATA TIpoekiust H
Ha Bbpxa C Bbpxy npasata BD jmexu na abaa OB~ Ot ITutaroposara Teo-
pema a? = CH?+ DH? u b*> = C H? + BH? 3a n1paBObI'bIHATE TPILIbIHAIN
DHC wn BHC cnensa:

a’> —b* = (CH® + DH?) — (CH* + BH*) = DH? — BH*? =
= (DH - BH) (DH + BH) = [(DO + OH) — (BO — OH)] - BD =
=2-OH-BD.

Ot gapyra ctpana, ot npaBobrbiaausa AOHC, B koiito £LCOH = g, nmame:
OH = CH - cotg ¢g. Torasa:

a’—v*=2-0H-BD = 2-CH -cotgpg-BD = 4Spcp - cotg g = 25 - cotg g

OTTyK HEIOCPEJNCTBEHO CJIe/IBA JOKA3BAHOTO paBeHCTBO (1) . O

3. @opmyna 3a JuIE HA YETUPUBI'bJIHUK C JBOKA paBHU
CPelIyoJIO>KHU CTPaHHu

Beue moxxem ga mpucThINM K'bM Pa3LVIeXKIaHe TpeaMera Ha HACTOAIIATA
cratus U Jga opMmyaupaMe u JOKayKeM BbIpOocHATa (hopMmysaa 3a JuIe Ha
YeTUPU'BI'bJIHUK C ABOHKA PABHU CPEIILYIIOJOKHUA CTPAHU.

Teopema. Hexa ABCD e uemupuszsanux ¢ pashyu cmpanu AD u BC,
npodsasicenuama na xoumo ce npecusam 6 mowka U u L AUB = . Tozasa
auvemo na ABCD wmooice da ce onpedeau om paseHcmseomo:

1
SABCDZZ‘ABQ—CDQ‘ -COtg%. (2)

oxazamencmeo. Oznauasame cpeaure na crpannre AB, BC, CD u DA
Ha yerupuwbrbannka ABCD cvorsetro ¢ M, N, P u @ (dur. 2). [lonexe
EP = %AD = %BC = FP (cpeanw OTCEYKW) W AHAJOTHIHO
EM = {BC = §AD = FM, t0o EP = FP = EM = FM u cefoBarer-
HO detnpubrbIHNKBT EM F P e pom6. Ocsen Tora EP || AD w FP || BC,
caeposarenno L EPF = LAUB = ¢. Oznauasame EF (\MP = G. Torasa
G e cpepa va EF u MP. Ocgen toBa LFGP = 90° (o1 pomba EMFP)
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n AGPF = %AEPF = %gp. Orryk, Kato B3emeMm mpeasuid, de A PGF e
MPABOBI'BJICH, IOy daBaMe:

MP:Q.GP:2-GF-cotg4GPF:EF-cotg§. (3)

Ilonexxe QP || AC || MN u QM || BD || PN (cpentm OTCeYKH), IeTH-
pubrbaanksT MNPQ cbiio e ycnopennnk, a mnounexe QF || CD || FN
u EN || AB || QF, 1o u wernpubrbiaauksr QENF e ycnopeanuk. Bes
OrpaHUYeHre MOKEM JIa CIATAMe, 9€ OCTPUAT bI'bJl MEXK/y JUATOHAIATE Ha
yenopeganka QENE e wron FGN. Heka £ FGN = 1). Torasa £ PGN =
APGF + £FGN = 90° + 9. OcBen T0Ba SApcp = 25yuNpg (mo Teopema-
ta Ha Bapwawnon). C momorrra #a papeHncTso (3) m dopmynara or Jjemara
NOJTy9aBamMe TOC/IeI0BATETHO:

Sapcp = 25MNPQ =
— MP-QN -sin {PGN = (EF . cotg g) L QN -sin (90° + ) =

= QN - EF -sint - Cotgf . C?S%} = 2SQENF - Cotgf -cotg ) =
2 singy 2
. __|(AB\* [CDY?
C roBa paBeHCTBO (2) € JI0KAa3aHO. O

4. IlybnukyBaHU Beve 33aa49M, KOUTO CE PEIIaBaT C ITOMOIITAa
Ha u3BeJieHaTa (popMyJia 3a JINIE HA YeTUPUbI'BJIHUK C JBOIKA
PABHU CPELIYIIOJIOXKHU CTPAaHN

Joxkazanara Tyk ¢dopmysia 3a Jnlle HA YETUPUBIBIHUK C JTBOWKA DABHU
CPEIIYTTOJIOKHN CTPAHW CJIYXKW 32 e(EeKTUBHOTO perraBaHe Ha CJI0KHU Teo-
merpuunn 3ajaun. [lle npunomanM mbpBo 3ajgaunTe oT cratusTa (Stefanov
et al., 2024), monexe pemeHNeTo Ha BCIKA €IHA OT TAX € OTJMYHA MIIOCTPA-
nug Ha eeKkTa OT M3MOJI3BAHETO HA PA3IJIEkKIaHATA (POPMYIIA.

3adana 1. Bupxy crpannte AD n BC Ha W3MbKHAIUS Y9eTUPWHIbIHUK
ABCD, B K0iiTO Te3u CTpaHU Ca PaBHU, Ca B3eTH ¢hOTBETHO ToukuTe M u N
raka, ye AM = BN.Heka AB=a,CD =c¢, MN =p (a>p>c). Ako Sy
n S ca smnmara ¢boTBeTHO Ha YeTupubIbanunure MNCD u ABNM, na ce

Sl CL2 _ p2
JIOKayKe PaBeHCTBOTO: = —5—— .
Sy p?—c
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®urypa 3 ®urypa 4 ®@urypa b

Pewenue: O3nagapame hIbia MKy TPOIhKeRnaTa Ha crparnte AD n
BC ¢ ¢ (dur. 3). B uerupubrbaauimnre ABNM w MNCD wumawve:
AM = BN uw MD = CN. Moxem na usnonssave dopmyna (2) n 3a -
ImaTa Sl n 52 Ha TE3UW YeTUPUBI'bJIHUIN TI0JIydaBaMe CbOTBETHO!

S = i (a2 —p2) -cotg £ u Sy = % (p2 — 62) -cotg £ . OTTyK HemocpeICTBEHO
cJie/IBa YKeJAHOTO PABEHCTBO. O

3adawa 2. Heka A1As...... Ag e MOXKe OM M HEeM3IIbKHAJI OCMOBLILIHUK
((1)]/11“. 4) n A1As = a, AgAs = p, A7A4 = q, AgAs = b (CL >p>q> b)
Hexa abiskuanre Ha jpoiikure crpann A1 Ag m AsAg; AgAr m AgAy; A7 Ag
n A4As ca paBHu nomexkay cu, a gabunte A; A w Ay A3 Ag A7 m Ay Ay
A, Ag m Ay Ay obpasysar 1o JBOMKN LPU HPECUYAHETO CU €JUH U CbIIl
BB @. Ha ce moxkaxke, ue Jueto S Ha OCMOBIBIHUKA Ce ONpEeeNs Ipel3
paBeHCcTBOTO S = % (a® = b?) - cotg £ .

Pewenue: OszmauapaMe JmIaTa Ha deTUpUbIbianunure A AsAsAs,
AgA3A4A7 n A7A4A5Ag cworBerno ¢ Si, So u S3. YeTUpWbIbIHUKBT
A1 AoA3Ag wva JIBe paBHU CpelrymnoJyioRun crpann Ay Ag m As Az, BIbiaIbT
MEXKIY TPOIbJKEHUATA, HA KOWTO 10 YCJAOBHE € PaBeH Ha ¢. 3aTosa 1o op-

Mysia (2) 32 JIMIETO HA TO3M YeTUPUBI'bJIHUK UMame: S| = L (a2 - p2) -cotg% .

4
Ananornano mosyuasame: Sy = i (p2 — q2) -cotg & u S3 = i (q2 — b2) -cotg .
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Toraga S = S1 + So + S3 = % [(a? = p*) + (P — ¢*) + (¢* — b*)] - cotg & =
= % (a2 — b2) -cotg £. C TOBa »KeJIAHOTO PABEHCTBO € JOKABAHO. O
3adaua 3. JIvawr OZ~ paznosossiBa brbja XOY. Bopxy abanre OX 7, OY
u OZ~ ca HaHeceHM TPOU3BOIHO paBHu orceuku A,B,, A,B,, A.B. Taxa,
ge Toukure By, By, u B, nexar chorserno mexjy rouknre Ay u O, Ay n
O,A.n0O.Heka A, A, =a, A;Ay=0b, BB, =cu B.B, =d. Axo munara
"a vetnpwbrbaaummTe A, A, B, B, n A, A, B, B, ca choteetrHo S1 1 So, 112 ce
Sl |a2 o d2‘
OKaskKe PABEHCTBOTO: — = ——s—p .
: P S, -
Pewenue: Tlonarave £ XOY = ¢ (dur. 5) (Ilonexe ababr OZ pas-
nososaBa el XOY, 1o LA,0A, = LA,OA, = %) YeTnpnbrbIHAK BT

AL A,B,B, uva jaBe paBHU CPeLLyHoJoKHU crpanu A,B, u A,B,, bbb

72
MeKJTy TPOIbKeHHATa Ha KOHTo mMa Mapka &. Torasa mo dopmyma (2),

3a JIMIETO Ha TO3U YeTUPUbI'bJIHUK TOjlydaBame: S = % ‘ag — d2‘ - cotg 7.
1
Anajornuno ompenenrsame: S = %‘bQ —02| . cotg%. CrenoBaTenmno — =
2
}aQ — dQ‘

' C ToBa kKeJIAaHOTO PABEHCTBO € JIOKA3aHO. O
02 — 2|
—c

Cera TpeMWHaBaMe K'bM 3aJa91, HEepa3TJIeJaHW B CTIOMEHATUA TTO-TOpe n3-
TOYHUK.

5. 3agava 3a eAUH CHENUAJIEH BUJ Y€THPUbI'bJIHUIN

Ile pasriemave mbpBO TpuUIOKeHweTo Ha (Gopmyna (2) 3a juie Ha ue-
TUPABI'LJAHUK C JIBE PABHU CPENLYyNOJJ0XKHU CTPAHU 33 PellaBaHeTO Ha eJHa
3aJlava 3a ClIleruaJieH BUJ YeTUPUbI'bJIHUIIN, ITPUTE2KaBalll, MHOTO 3&66.}16)}(1/1—
TEeJIHWU CBOICTBA, TOJIMa 9acT oT KouTo ca m3ciaeasann B (Haimov 1994) n
(Haimov 1995) :

Omnpenenenne. Yernpubrbauukst ABCD ¢ pasun crpanu AD, CD
n CB, B koitto LADC + £DCB = 240° ce mapuda TpuOCJPEHUK C OCHO-
Ba AB u 6eapa AD, DC u CB (dur. 6).

Jlecno ce nposepssa, ue B rpubenpennka ABC D npoibiKeHnsaTa Ha CTpa-
uure AD u BC ce npecuuar B Touka U, 3a kossto L AUB = 60°.
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3adavwa 4. Heka ABCD e tpu-
Genpennk ¢ ocuoBa AB = a u Geg-
pa AD =DC =CB =b. Axo En
F' ca cpeaure choTBeTHO Ha Oenpara
AD u BC, na ce oupejensT Juia-
Ta Ha derupubrbiaHuiuTe ABFE u

EFCD (bur. 6).

Pewenue: llpumarame dopmyna
(2) 3a Jwme HA YETHPHBIBIHUK C
JIBe PABHU CPeILyOJOXKHU CTPaHU
KbM uerupubrbiauiure ABFE wu
EFCD u nonyaaBame:

®urypa 6
SABFE:%|ABZ—EF2‘ -cotg30°:%‘a2—EF2‘-\/§, (4)
Sprcp = i |EF? — CD?| - cotg 30° = i |EF? —b?| - V3. (5)

ITe onpenenmm abakunara wa orceukara K F. Ilocrpossame B mosypas-
HuHaTa Ha npaBata DC'| He cbbprkaliia Tpudbepennka, papaocrpaned A DC'M .
Mmanme mociemoBaTesHo:

£LADM = LADC + 60° = (240° — £BCD) + 60° = 300° — £{BCD =
=360° — ({BCD +60°) = 360° — ({BCD + £DCM) = {BCM,
r.e. LEDM = £FCM. Ocsen Tosa ED = CF = % w DM = CM (110 nocr-

poenne), cieposarenno AEDM = AFCM. Orryk nonyuasame EM = FM
u AEMD = LAFMC. Torasa:

LEMF = {DMF — {EMD =
= ({DMC + LFMC) — £EMD = £DMC = 60°.

Honyauxwme, ve L EMF = 60° uue EM = F M, otkbjeto ciefsa, ue AEF M
e pasuoctpanen. Torasa FF = EM. Awamornumo ce mokassa, ve AABM e
pasHOCTpaneH, ciaegorarenio AM = AB = a. Or A ADM, & xoiito ME e
MeanaHa, "TMaMe:

AEM? = 2AM? +2DM? — AD? = 24” + 20> — b* = 2a® + b*.
Canenosarenno EF? = EM? = 1 (242 + b?) . Kato 3amectnm B paBenctsa (4)
u (5), oTTYK nostydaBame: SAprg = ’2@2 — b2‘~‘1/—§, Sgrcp = |2a% — 3b2’-‘1/—6§.
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6. 3asaua 3a 4eTUPU'bI'bJIHUK C JABOWKA PABHU CPEILYII0JI0XK-
HU CTPaHU

3adaua 5. Heka ABCD e uetupubI'bJIHUK € paBHU (HO HE yCHODE/IHH)
ctpaun AD u BC u toukute M n ) pazgenar crpanata AD wa Tpu paBHI
vactn, a Touknte N n P — crpanara BC' cbimo na tpu pasan dactn. Jla ce
JIOKayke PaBeHCTBOTO:

|MN? — PQ?| :%]ABQ—CDQ\. (6)

Pewenue: 1le moxkaxkem THPBO,
ge Synpg = %SANCQ- Tlonexe
NM e mennana B8 AANQ (dur. 7),
nmame SQuN = %SAQN, a TIOHerKe
QP e vegunana 8 AQCN, anajiornu-
HO SQPN = %SQNC- Torasa:

Sunpg = Soun + SgpN =

1 1
= §SAQN + §SQNC = (7)
_1
2
IMle noxaxkem cera, de Sancg =

= %SABCD- Tpubrbanunure ACQ
n ACD wmar o6ma Bucoumna npes ®urypa 7
Bbpxa C' n AQ = %AD. Cnenosa-

TestHo SacQ = %SACD- Ananornuno ce gokassa, e Sqion = %SABG 3arosa:

SANCQ-

2 2 2
Sancg = Sacq + Sacn = 5Sacp + 55aBc = 554BCD-

3 3 3
Ot (7) cera caeapa:
1 1 2 1
SMNPQ = §SANCQ =3 gSABCD = gSABCD,
T.€.
Suneg _ 1 (8)
Sapcp 3

OznagaBame MsipKaTa Ha bI'bJa MEXKJIY POIIbJKeHudTa Ha crpannte AD u
BC ua ugerupubrbiaauka ABCD ¢ ¢. Ilo dopmyna (2) 3a jauie Ha deTupu-
BI'BJIHUK C JIBE PABHU CPEIYTIOMI0KHN CTpaHu oT detTnpubrbannmure M N PQ)
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u ABCD nojydaBamMe ChbOTBETHO:

MN? — PQ?
SMNPQ — w .Cotg§’
g B }ABQ—C'DZ‘ %
ABCD = T'COtgg-

C.Hel[ IIOYJIEHHO JIeJIeHre Ha Te3’ JABE€ PAaBEHCTBa JOCTUTraMe JO PaBEHCTBOTO:

|MN? — PQ?| _ Sunrq
|AB? —CD?|  Sapcp

Orryk 1 01 (8) HEIOCPEICTBEHO CJle/IBA JI0KA3BAHOTO paBeHCTBO (6). O

3abenesrcrka. M310KEHOTO PEIIEHNE MOYKE CHIECTBEHO /1A Ce ChKPATH, aKO
ce uznoszsar nosyuennre B (Parusheva 2023) pesyararu.

7. Egpa 3aga4va 3a meTObI'bJIHUK

3adawa 6. B usnbKHAIUS 1ETObIbJIHUK
ABCDE npwmxunute na crpanunte AB, BC,
CD, DE nw EA ca cworBetrno a, b, ¢, d
n e (dpur. 8). Heka T e mnpeceunara TOY-
ka Ha juaronaaure AD w EC, a U - ra-
31 Ha NOpOAL/DKeHuaTa Ha crpanmre AE n
CD. Axko ca manbianenn yceiaosusta LCTD =
= LABC # 90°, LAUC = 180° — 2L ABC,
AE =CD wn AC > ED, na ce JoKa)Xe paBeHc-
8010 AFE = ED = DC.

Pewenue: O3navaBamve 'bJIKUHATA HA JHa-
ronana AC ¢ m (dur. 8). Honexe LAUC =
= 180° — 2L ABC' (no ycioBue), TO € U3I'bJHEHO PABEHCTBOTO:

LAUC
2
Comespevenno B uetupubrbiaanka ACDE nmame AE = C'D (no ycnosue).

Barosa ¢ nomomTa Ha rOPHOTO PaBeHCTBO U dopmya (2) 3a Juie HA YeTu-
PUBILIHKUK C JBE PABHU CPENLYIIOJOKHNA CTPAHU TIOJIydaBaMe:

LAUC 1
2 4

®urypa 8

=90° — LABC.

Sacpe = % |m? — d®| - cotg |m? — d?| - tg {ABC,
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1
SAcDE = 1 ‘m2 — dQ{ -tg LABC. (9)

Ot npyra crpana, oT nuTHpaHarta B Hadaa0To (Gopmyna (x) 3a Juie Ha us3-
I'bKHAJI YeTUPUBI'bJIHUK, 1peaBul yeaoBuero £CT D # 90°, numame:

1
Sacpe = 7 (m?+d* —e* — ¢®) - tg LCTD.

Orryk u yciaosuero £CTD = LABC cnenpa paBeHCTBOTO:

1
Sacpe = 1 (m2 +d?—e? - 02) -tg LABC. (10)
CpasusiBaiiku jecaure yactu Ha pasencrsa (9) u (10), nonyuasame paBeHcT-
BOTO:

1 1
M= &| g LABC = - (m® 4 d* — e = ¢*) - tg LABC.

OT moCIeIHOTO PABEHCTEO, IPEIBHL YCAOBAETO m > d, CJIeJIBA PABEHCTBOTO:
m?2—d2=m?+d®—e* - 2.

Or1yk, oneske e = ¢ (1o yciosne), nonydasame: 2d2 = e? 4 ¢? = 2e? = 2¢2.
Taka mocTuraaxme 10 JOKa3BAHOTO PaBEHCTBO d = e = c. ]

8. Eagma 3amaya 3a 11ecTObLI'bJIHUK

3adawa 7. Hexka A1AsA3A4A5A e pas-
HOCTPAHEH MEeCTOBI'LIHAK U MEPKUTE HA bI-
JIATE, IOJIyYeHH IPU IPECHIaHeTo Ha IPo-
IIBJIZKEHAATA Ha TI0CIEI0BATeJTHUTE TBONKN
CTPanm, B3ETU TIPE3 €A, T.€. TIOJLYTEeHN TIPH
npecnvanero nHa: A1Ag m As Az, A1As m
A4A3, A2A3 n A5A4,. Cay A5A6 n AlAg, Cca
CBOTBETHO (01, P2, (03, ..., Y. AKO Juarona-
ante A1 Ay, AsAs u A3Ag UMaT paBHU AbJI-
JKUHW W € M3MhJIneno yciaornero AjAy #
Ao Ag, 1a ce JJOKayKaT paBeHCTBATA:

®urypa 9
cotg% +C0tg% = cotg% +cotg% = cotg% +cotg%. (1n)

Pewenue: O3nagapame nunero Ha mectobrbaauka A1 AsAsAyAsAg ¢ S
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((1)I/II‘. 9) ITo ycjioBue mMame A1A2 = A2A3 = A3A4 = A4A5 = A5A6 =
= AgA;1. Pasrnexgame yernpubroaaumure A1 As A3 Ay m A1 A4 A5 Ag, HA KO-
To quaronansT A A4 nesm mecrobrbiannka. Ilonexke A1 As = AsAysm A1 Ag =
A4As, BCEKW OT TE3W YETHPWHILIHWIN TTPUTEKABA, JROWKA PABHW CPEILyTIO-
noxuu crpanu. 1o dopmyna (2) 3a jmie Ha TaKbB YeTUPUHIBJIHAK TOTaBa
nMaMe:

1

SA1A2A3A4 = Z ‘A1A42 - A2A32| : COtg %7
1

SA1A4A5A6 = Z ‘A1A42 — A5A62| . COtg % .

Ot mpyra crpaHa, € U3MbJIHEHO PaBEHCTROTO:
S = Sa,40454, + SA, 4,456

BaMeCTBaMe B HEro C MOMOIITa Ha TOPHUTE JIBE PaBEHCTBa U II0JIyYaBaMe:
1 1
S= 4 |A1A44% — A3 A3?| - cotg % t1 |A1A4% — A5 Ag®| - cotg % . (12)

Pasrnexgame cera derupnbrbianninnTe Ay AsAzAg m Ay4AsAgAs, Ha Kouto
muaronabT AzAg aenm mecrobrbanuka. [lonexxe A1 Ag = As Az m A3Ay =
AgAs (10 ycioBue), TOBA CHINO Ca YETUPUBILAHUIM C JBOHKA PABHHU Cpe-
nrynosioxkuu crpanu. Ilo dopmysna (2) 3a aunero Ha TaK'bB YETUPUHIbJIHUK
TOraBa IMaMe:

1
SA1A2A3A6 - Z ‘A3A62 - A1A22{ . COtg %7 ( )
13
1
SA4A5A6A3 = Z ‘A3A62 - A4A52| - cotg % .

Karo chbepem 1mouieHHO Te3nm paBeHCTRA W B3EMeM MPEIBWIL, Te SA, Ay Az Ag +
+ Sa,454545 = S, TIOIyIaBaME:

S = i ’A3A62 — A1A22‘ - cotg % + i ’A3A62 — A4A52} - cotg % . (14)

Ot npyra crpana, nmave As Az = AsAg (10 ycaoBue), OTK'BJIETO CJIeIBA Pa-
BEHCTBOTO:

|A1Ag? — AgAs?| = |A1Ag® — AsAg?|.

Orryk n ot pasernctro (12) momyuaBame:

1
S:Z‘A1A42—A2A32|'(COtg%+COtg%>‘ (15)
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Amnanornuno or Aj Ay = AgAs (10 ycioBue) ciieiBa paBeHCTBOTO:
|A3Ae® — A1 Ar?| = |AsAe® — A4As?|.

Orryk u or pasencrso (14) nosyuasame:

1
S = 1 }A3A62 — A1A22‘ . (COtg% +C0tg%> .

Ot nocseauoro pasercTso u (15) ciexpa paBeHCTBOTO:

1
Z |A1A42 — A2A32‘ . (cotg% + COtg %) =

1 (16)
= 1 ‘A3A62 — A1A22| . (COtg % + COtg%) .
[Monexe A1 Ay = A3Ag u AyAs = A1 As (10 yeaosue), umame:
|A1Ay — A2 Asz| = |AsAs — A1 As|. (17)

ITpu ToBa A1 Ay # AsAs (1o ycsioBuE), OTKBIETO CJIE/IBA, He€:
|A1 Ay — A Ag| #0. (18)

Karo Bzemem mpensuj mbpBo paserctso (17), a cien Tosa yciosue (18) or
pasencTso (16), noxysaBame:

cotg % + cotg % = cotg % + cotg % .

Taka cTurmaxme 10 WHPBOTO OT KejaHuTe paBeHncrsa (11). Amamormano ce
JI0Ka3Ba W BTOPOTO PABEHCTRO. O

Cera 1me ce cipeM HAKPATKO U HA HAKOJIKO TIPUJIOZKEHHs HA CJIeJHATA (CI10-
MEHATA B HA4YAA0TO) (DOPMy/ia 3a JMIE HA IPOU3BOJIEH MU3I'bKHAJ YETHPU-
BI'bJIHUK, n3a0xkena B (Siddons & Hughes 1929):

165? = 4m®n? — (a2 4+ — b - d2)2. ()

(Tyk a, b, ¢ m d ca AbKUHUTE HA TOCIEJOBATETHUTE CTPAHU HA TETUPH-
BI'BJIHUKA, & M U N CA JbJZKUHATE HA JIMATOHAJIUTE MY.)

Eano or npuinoxkennsita Ha Tazu GopMmysa ce u3passiBa B PENIEHUETO HA
cresHaTa KOHKypcHa 3amada (dwur. 10), nybankysana B ,,Pybopuka M-+ na
cr. ,Maremarnka maioc”, 6p. 4, 2021 r.:

Badaua 8. (3adanwa MT653). Usnbkuammar vernpubrbiank ABCD e Ta-
kbR, ve AD = BC. Ako touknte M n N jiekaT chOTBETHO BBDPXY CTPAHUTE
AB u CD Taka, e ca u3nbianenn pasencrsata AM? + BN? = BM? + CN?
n SAMND = SBMNC’, Ja Ce JOKazKe, 4e AN -DM = BN - CM.

137



Tabos, Cmeghanos, Xaumos, Munyuiesea-bovikuna

p._ MN_t
Pewenue: Tlpunarame dopmya
(%) kbM gerupubrbaaunure AMND
u BMNC u nosyuasame (dur. 10):
A 1 H
®urypa 10

165% aprnp = 4AN? - DM? — (AM? + DN? — AD? — MN?)*,
165%gane = 4BN? - CM? — (BM? + ON? — BC? — MN?)”.

Tlonexxe SapyNDp = SBMNe 1 AM2+DN2—AD2—MN2 = BM2+CN2—
BC? — M N? (npensun ycnopuara AM?+DN? = BM?+CN?u AD = BC),
OTTYK CTHUTaMe 10 JOKazBaHoTo paBenctso AN - DM = BN - CM. O

C momorrra Ha dhopmysa (#*) JECHO ce M3BEXKJA CJAeIHATA 3aBUCHMOCT,
CBbP3Ballla ABHJIKUHUTE Ha CTPAHWUTE W AWATOHaJINTE Ha U3TTHhKHAJL YeTUpPn-
bI"'bJIHUK:

m*n? (m? 4+ n?) +m? (a® — d*) (b* — %) +
+n?(a® = %) (> — ) —m*n® (a® + V> + & + d*) + (% % %)
+ (b2 +d? —a® - 02) (l)2d2 — a202) =0.

OT cBOd cTpaHa, U3JI0KEHATA 3aBUCUMOCT CIYKW 32 PEIIaBaHeTo Ha CJIeTHA-
Ta KOHKYpCHa 3ajadva, mybankysana B ,,Pybpuka M+“ ma cm. ,Maremaruka
mwrroc’, 6p. 1, 2023 r.:

3adana MT665. Msnbrknammar gernpubrbiank ABCD e Taxbs, de
AB = AC = au AD = CD = BC = b. Jla ce oupejiesn Ib/KUHATA HA
guaronasia BD.

(Perterviero Ha Ta3w 3aja4va ¢ MOMOIITA, HA PABEHCTRO (k % %) € HaMepeHo
or Maptun JIuMuTpos.)

Jpyro npunoxenne Ha dbopmyna (x*) ce ChabpiKa B PEIIEHNETO HA CJI6/I-
HaTa KOHKypCHA 3a1a4a, nybimkysana B ,Pybpuka M+ ma crn. ;Maremaruka
mwroc”, 6p. 2, 2023 1.

3adana MT671. B usnbkuanus nerobrbinuk ABCDE mpeceunara TouKa
rna gnaronannre AC m BD e T n LAED = LCTD # 90°. Ako qbJIKUHATE
na orceukure AB, BC, CD, DE, FA, BD u AC ca chorBeTHO a, b, ¢, d, e,
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m ¥ n, 1a ce jokaxke, ye 3a auiero S Ha ABCD e u3nbjaHeHo paBeHCTBOTO:

1
5= 1\/4(mn de)— (24 d+e?—a?— ).
(Pemenunero wa Tasw 3amava e Hamepeno cbuio or Maprun Iuvmutpos.)

3akJjiroyeHue

B crarugra pasriiegaxye mpuioKeHneTo Ha eiHa KpaTKa (hopMyJia 3, JINTE
HA YeTUPUBI'LJIHUK C JIBE PABHU CPENLYNOJJ0KHU CTPAHU 33 pPellaBaHeTO Ha
7 3a/1a9m C TMOBUIIIEHA TPYAHOCT. Pasriesaxye n 3 KOHKYPCHU 33/1a9M, KOUTO
ce perraBaT C TOMOIITa Ha eJHa TToJe3Ha (hopMysa 3a JINIEe Ha MTPOW3ROJIEH
M3TTbKHAT 9eTUPIHIBLIANK. KbM Te3n 3amaun B ObIeIm cTaTnm 1m1e 100aBuM
HOBU.
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A SHORT FORMULA FOR THE AREA
OF A QUADRILATERAL WITH TWO EQUAL
OPPOSITE SIDES AND IT°’S APPLICATION

Abstract. The article develops methods for solving complex prob-
lems at the level of mathematics olympiads, which are necessary for
both high school students and their teachers. At the heart of these
methods lies a formula for the area of a quadrilateral with a pair of
equal but non-parallel opposite sides. It obtains as a special case of
a more general formula for the area of an arbitrary convex quadri-
lateral, discussed in (Stefanov et al. 2024). Here we will prove the
last formula in a more direct way and will consider its application to
efficiently solving geometric problems.

Keywords: a special kind of quadrilaterals; area formulas; area of
a parallelogram; problems
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