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Табов, Стефанов, Хаимов, Милушева-Бойкина

S =
1

4

(
b2 + d2 − a2 − c2

)
· tgφ, φ ̸= 90◦. ∗

a b c d
φ
a

ABCD AB
BC a b, (a ̸= b)

φ0 S ABCD

S =
1

2

∣∣a2 − b2
∣∣ · tgφ0 .

AC
BD O
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Една кратка формула за лице на четириъгълник с две равни...

S =
1

4

(
b2 + d2 − a2 − c2

)
· tgφ, φ ̸= 90◦. ∗

a b c d
φ
a

ABCD AB
BC a b, (a ̸= b)

φ0 S ABCD

S =
1

2

∣∣a2 − b2
∣∣ · tgφ0 .

AC
BD O
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Табов, Стефанов, Хаимов, Милушева-Бойкина

ABCD
φ0 BOC ∡BOC < ∡BOA BO CO

△BOC BO AO △AOB
BOC BOA

BC △BOC
AB △AOB

b < a ∡BOC < 90◦ H
C BD OB→

a2 = CH2+DH2 b2 = CH2+BH2

DHC BHC

a2 − b2 =
(
CH2 +DH2

)
−

(
CH2 +BH2

)
= DH2 −BH2 =

= (DH −BH) (DH +BH) = [(DO +OH)− (BO −OH)] ·BD =

= 2 ·OH ·BD .

△OHC ∡COH = φ0

OH = CH · cotgφ0

a2−b2 = 2 ·OH ·BD = 2 ·CH ·cotgφ0 ·BD = 4SBCD ·cotgφ0 = 2S ·cotgφ0 .

ABCD AD BC
U ∡AUB = φ

ABCD

SABCD =
1

4

∣∣AB2 − CD2
∣∣ · cotg φ

2
.

AB BC CD DA
ABCD M N P Q

EP = 1
2AD = 1

2BC = FP

EM = 1
2BC = 1

2AD = FM EP = FP = EM = FM
EMFP EP ∥ AD FP ∥ BC

∡EPF = ∡AUB = φ EF
⋂

MP = G
G EF MP ∡FGP = 90◦ EMFP

∡GPF = 1
2∡EPF = 1

2φ △ PGF

MP = 2 ·GP = 2 ·GF · cotg∡GPF = EF · cotg φ

2
.

QP ∥ AC ∥ MN QM ∥ BD ∥ PN
MNPQ QE ∥ CD ∥ FN

EN ∥ AB ∥ QF QENF

QENF FGN ∡FGN = ψ̄ ∡PGN =
∡PGF + ∡FGN = 90◦ + ψ̄ SABCD = 2SMNPQ

SABCD = 2SMNPQ =

= MP ·QN · sin∡PGN =
(
EF · cotg φ

2

)
·QN · sin

(
90◦ + ψ̄

)
=

= QN · EF · sin ψ̄ · cotg φ

2
· cos ψ̄
sin ψ̄

= 2SQENF · cotg φ

2
· cotg ψ̄ =

=
[∣∣QF 2 −QE2

∣∣ · tg ψ̄] · cotg φ

2
· cotg ψ̄ =

∣∣∣∣∣
(
AB

2

)2

−
(
CD

2

)2
∣∣∣∣∣ · cotg

φ

2
.

AD BC
ABCD M N

AM = BN AB = a CD = c MN = p (a > p > c) S2

S1 MNCD ABNM
S1

S2
=

a2 − p2

p2 − c2
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Една кратка формула за лице на четириъгълник с две равни...

ABCD
φ0 BOC ∡BOC < ∡BOA BO CO

△BOC BO AO △AOB
BOC BOA

BC △BOC
AB △AOB

b < a ∡BOC < 90◦ H
C BD OB→

a2 = CH2+DH2 b2 = CH2+BH2

DHC BHC

a2 − b2 =
(
CH2 +DH2

)
−

(
CH2 +BH2

)
= DH2 −BH2 =

= (DH −BH) (DH +BH) = [(DO +OH)− (BO −OH)] ·BD =

= 2 ·OH ·BD .

△OHC ∡COH = φ0

OH = CH · cotgφ0

a2−b2 = 2 ·OH ·BD = 2 ·CH ·cotgφ0 ·BD = 4SBCD ·cotgφ0 = 2S ·cotgφ0 .

ABCD AD BC
U ∡AUB = φ

ABCD

SABCD =
1

4

∣∣AB2 − CD2
∣∣ · cotg φ

2
.

AB BC CD DA
ABCD M N P Q

EP = 1
2AD = 1

2BC = FP

EM = 1
2BC = 1

2AD = FM EP = FP = EM = FM
EMFP EP ∥ AD FP ∥ BC

∡EPF = ∡AUB = φ EF
⋂

MP = G
G EF MP ∡FGP = 90◦ EMFP

∡GPF = 1
2∡EPF = 1

2φ △ PGF

MP = 2 ·GP = 2 ·GF · cotg∡GPF = EF · cotg φ

2
.

QP ∥ AC ∥ MN QM ∥ BD ∥ PN
MNPQ QE ∥ CD ∥ FN

EN ∥ AB ∥ QF QENF

QENF FGN ∡FGN = ψ̄ ∡PGN =
∡PGF + ∡FGN = 90◦ + ψ̄ SABCD = 2SMNPQ

SABCD = 2SMNPQ =

= MP ·QN · sin∡PGN =
(
EF · cotg φ

2

)
·QN · sin

(
90◦ + ψ̄

)
=

= QN · EF · sin ψ̄ · cotg φ

2
· cos ψ̄
sin ψ̄

= 2SQENF · cotg φ

2
· cotg ψ̄ =

=
[∣∣QF 2 −QE2

∣∣ · tg ψ̄] · cotg φ

2
· cotg ψ̄ =

∣∣∣∣∣
(
AB

2

)2

−
(
CD

2

)2
∣∣∣∣∣ · cotg

φ

2
.

AD BC
ABCD M N

AM = BN AB = a CD = c MN = p (a > p > c) S2

S1 MNCD ABNM
S1

S2
=

a2 − p2

p2 − c2



130

Табов, Стефанов, Хаимов, Милушева-Бойкина

AD
BC φ ABNM MNCD
AM = BN MD = CN

S1 S2

S1 =
1
4

(
a2 − p2

)
· cotg φ

2 S2 =
1
4

(
p2 − c2

)
· cotg φ

2

A1A2......A8

A1A2 = a, A8A3 = p, A7A4 = q, A6A5 = b (a > p > q > b)
A1A8 A2A3 A8A7 A3A4 A7A6

A4A5 A1 A
→
8 A2 A

→
3 A8 A

→
7 A3 A

→
4

A7 A
→
6 A4 A

→
5

φ S
S = 1

4

(
a2 − b2

)
· cotg φ

2

A1A2A3A8

A8A3A4A7 A7A4A5A6 S1, S2 S3

A1A2A3A8 A1A8 A2A3

φ
S1 =

1
4

(
a2 − p2

)
·cotg φ

2

S2 =
1
4

(
p2 − q2

)
·cotg φ

2 S3 =
1
4

(
q2 − b2

)
·cotg φ

2

S = S1 + S2 + S3 = 1
4

[(
a2 − p2

)
+

(
p2 − q2

)
+

(
q2 − b2

)]
· cotg φ

2 =

= 1
4

(
a2 − b2

)
· cotg φ

2

OZ→ OX→, OY →

OZ→ AxBx, AyBy, AzBz

Bx By Bz Ax AY

Az AxAz = a, AzAy = b, ByBz = c BzBx = d
AxAzBzBx AzAyByBz S1 S2

S1

S2
=

∣∣a2 − d2
∣∣

|b2 − c2|

∡XOY = φ OZ→

XOY ∡AxOAz = ∡AzOAy = φ
2

AxAzBzBx AxBx AzBz
φ
2

S1 = 1
4

∣∣a2 − d2
∣∣ · cotg φ

4

S2 = 1
4

∣∣b2 − c2
∣∣ · cotg φ

4

S1

S2
=

=

∣∣a2 − d2
∣∣

|b2 − c2|
.

ABCD AD CD
CB ∡ADC + ∡DCB = 240◦

AB AD DC CB

ABCD
AD BC U ∡AUB = 60◦
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Една кратка формула за лице на четириъгълник с две равни...

AD
BC φ ABNM MNCD
AM = BN MD = CN

S1 S2

S1 =
1
4

(
a2 − p2

)
· cotg φ

2 S2 =
1
4

(
p2 − c2

)
· cotg φ

2

A1A2......A8

A1A2 = a, A8A3 = p, A7A4 = q, A6A5 = b (a > p > q > b)
A1A8 A2A3 A8A7 A3A4 A7A6

A4A5 A1 A
→
8 A2 A

→
3 A8 A

→
7 A3 A

→
4

A7 A
→
6 A4 A

→
5

φ S
S = 1

4

(
a2 − b2

)
· cotg φ

2

A1A2A3A8

A8A3A4A7 A7A4A5A6 S1, S2 S3

A1A2A3A8 A1A8 A2A3

φ
S1 =

1
4

(
a2 − p2

)
·cotg φ

2

S2 =
1
4

(
p2 − q2

)
·cotg φ

2 S3 =
1
4

(
q2 − b2

)
·cotg φ

2

S = S1 + S2 + S3 = 1
4

[(
a2 − p2

)
+

(
p2 − q2

)
+

(
q2 − b2

)]
· cotg φ

2 =

= 1
4

(
a2 − b2

)
· cotg φ

2

OZ→ OX→, OY →

OZ→ AxBx, AyBy, AzBz

Bx By Bz Ax AY

Az AxAz = a, AzAy = b, ByBz = c BzBx = d
AxAzBzBx AzAyByBz S1 S2

S1

S2
=

∣∣a2 − d2
∣∣

|b2 − c2|

∡XOY = φ OZ→

XOY ∡AxOAz = ∡AzOAy = φ
2

AxAzBzBx AxBx AzBz
φ
2

S1 = 1
4

∣∣a2 − d2
∣∣ · cotg φ

4

S2 = 1
4

∣∣b2 − c2
∣∣ · cotg φ

4

S1

S2
=

=

∣∣a2 − d2
∣∣

|b2 − c2|
.

ABCD AD CD
CB ∡ADC + ∡DCB = 240◦

AB AD DC CB

ABCD
AD BC U ∡AUB = 60◦
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Табов, Стефанов, Хаимов, Милушева-Бойкина

ABCD
AB = a

AD = DC = CB = b E
F
AD BC

ABFE
EFCD

ABFE
EFCD

SABFE =
1

4

∣∣AB2 − EF 2
∣∣ · cotg 30◦ = 1

4

∣∣a2 − EF 2
∣∣ · √3,

SEFCD =
1

4

∣∣EF 2 − CD2
∣∣ · cotg 30◦ = 1

4

∣∣EF 2 − b2
∣∣ · √3.

EF
DC △DCM

∡ADM = ∡ADC + 60◦ = (240◦ − ∡BCD) + 60◦ = 300◦ − ∡BCD =

= 360◦ − (∡BCD + 60◦) = 360◦ − (∡BCD + ∡DCM) = ∡BCM,

∡EDM = ∡FCM ED = CF = b
2 DM = CM

△EDM ∼=△FCM EM = FM
∡EMD = ∡FMC

∡EMF = ∡DMF − ∡EMD =

= (∡DMC + ∡FMC)− ∡EMD = ∡DMC = 60◦.

∡EMF = 60◦ EM = FM △EFM
EF = EM △ABM

AM = AB = a △ADM ME

4EM2 = 2AM2 + 2DM2 −AD2 = 2a2 + 2b2 − b2 = 2a2 + b2.

EF 2 = EM2 = 1
4

(
2a2 + b2

)
.

SABFE =
∣∣2a2 − b2

∣∣·
√
3

16 , SEFCD =
∣∣2a2 − 3b2

∣∣·
√
3

16 .

ABCD
AD BC M Q AD

N P BC

∣∣MN2 − PQ2
∣∣ = 1

3

∣∣AB2 − CD2
∣∣ .

SMNPQ = 1
2SANCQ

NM △ANQ
SQMN = 1

2SAQN

QP △QCN
SQPN = 1

2SQNC

SMNPQ = SQMN + SQPN =

=
1

2
SAQN +

1

2
SQNC =

=
1

2
SANCQ.

SANCQ =

= 2
3SABCD. ACQ
ACD

C AQ = 2
3AD.

SACQ = 2
3SACD. SACN = 2

3SABC .

SANCQ = SACQ + SACN =
2

3
SACD +

2

3
SABC =

2

3
SABCD.

SMNPQ =
1

2
SANCQ =

1

2
· 2
3
SABCD =

1

3
SABCD,

SMNPQ

SABCD
=

1

3
.

AD
BC ABCD φ

MNPQ
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Една кратка формула за лице на четириъгълник с две равни...

ABCD
AB = a

AD = DC = CB = b E
F
AD BC

ABFE
EFCD

ABFE
EFCD

SABFE =
1

4

∣∣AB2 − EF 2
∣∣ · cotg 30◦ = 1

4

∣∣a2 − EF 2
∣∣ · √3,

SEFCD =
1

4

∣∣EF 2 − CD2
∣∣ · cotg 30◦ = 1

4

∣∣EF 2 − b2
∣∣ · √3.

EF
DC △DCM

∡ADM = ∡ADC + 60◦ = (240◦ − ∡BCD) + 60◦ = 300◦ − ∡BCD =

= 360◦ − (∡BCD + 60◦) = 360◦ − (∡BCD + ∡DCM) = ∡BCM,

∡EDM = ∡FCM ED = CF = b
2 DM = CM

△EDM ∼=△FCM EM = FM
∡EMD = ∡FMC

∡EMF = ∡DMF − ∡EMD =

= (∡DMC + ∡FMC)− ∡EMD = ∡DMC = 60◦.

∡EMF = 60◦ EM = FM △EFM
EF = EM △ABM

AM = AB = a △ADM ME

4EM2 = 2AM2 + 2DM2 −AD2 = 2a2 + 2b2 − b2 = 2a2 + b2.

EF 2 = EM2 = 1
4

(
2a2 + b2

)
.

SABFE =
∣∣2a2 − b2

∣∣·
√
3

16 , SEFCD =
∣∣2a2 − 3b2

∣∣·
√
3

16 .

ABCD
AD BC M Q AD

N P BC

∣∣MN2 − PQ2
∣∣ = 1

3

∣∣AB2 − CD2
∣∣ .

SMNPQ = 1
2SANCQ

NM △ANQ
SQMN = 1

2SAQN

QP △QCN
SQPN = 1

2SQNC

SMNPQ = SQMN + SQPN =

=
1

2
SAQN +

1

2
SQNC =

=
1

2
SANCQ.

SANCQ =

= 2
3SABCD. ACQ
ACD

C AQ = 2
3AD.

SACQ = 2
3SACD. SACN = 2

3SABC .

SANCQ = SACQ + SACN =
2

3
SACD +

2

3
SABC =

2

3
SABCD.

SMNPQ =
1

2
SANCQ =

1

2
· 2
3
SABCD =

1

3
SABCD,

SMNPQ

SABCD
=

1

3
.

AD
BC ABCD φ

MNPQ
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ABCD

SMNPQ =

∣∣MN2 − PQ2
∣∣

4
· cotg φ

2
,

SABCD =

∣∣AB2 − CD2
∣∣

4
· cotg φ

2
.

∣∣MN2 − PQ2
∣∣

|AB2 − CD2|
=

SMNPQ

SABCD
.

ABCDE AB BC
CD DE EA a b c d

e T
AD EC U

AE
CD ∡CTD =
= ∡ABC ̸= 90◦, ∡AUC = 180◦ − 2∡ABC
AE = CD AC > ED

AE = ED = DC

AC m ∡AUC =
= 180◦ − 2∡ABC

∡AUC

2
= 90◦ − ∡ABC.

ACDE AE = CD

SACDE =
1

4

∣∣m2 − d2
∣∣ · cotg ∡AUC

2
=

1

4

∣∣m2 − d2
∣∣ · tg∡ABC,

SACDE =
1

4

∣∣m2 − d2
∣∣ · tg∡ABC.

∗
∡CTD ̸= 90◦

SACDE =
1

4

(
m2 + d2 − e2 − c2

)
· tg∡CTD.

∡CTD = ∡ABC

SACDE =
1

4

(
m2 + d2 − e2 − c2

)
· tg∡ABC.

1

4

∣∣m2 − d2
∣∣ · tg∡ABC =

1

4

(
m2 + d2 − e2 − c2

)
· tg∡ABC.

m > d

m2 − d2 = m2 + d2 − e2 − c2.

e = c 2d2 = e2 + c2 = 2e2 = 2c2

d = e = c

A1A2A3A4A5A6

A1A6 A2A3 A1A2

A4A3 A2A3 A5A4 A5A6 A1A2

φ1, φ2, φ3, ..., φ6.
A1A4 A2A5 A3A6

A1A4 ̸=
A2A3

cotg
φ2

2
+ cotg

φ5

2
= cotg

φ1

2
+ cotg

φ4

2
= cotg

φ3

2
+ cotg

φ6

2
.

A1A2A3A4A5A6 S
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Една кратка формула за лице на четириъгълник с две равни...

ABCD

SMNPQ =

∣∣MN2 − PQ2
∣∣

4
· cotg φ

2
,

SABCD =

∣∣AB2 − CD2
∣∣

4
· cotg φ

2
.

∣∣MN2 − PQ2
∣∣

|AB2 − CD2|
=

SMNPQ

SABCD
.

ABCDE AB BC
CD DE EA a b c d

e T
AD EC U

AE
CD ∡CTD =
= ∡ABC ̸= 90◦, ∡AUC = 180◦ − 2∡ABC
AE = CD AC > ED

AE = ED = DC

AC m ∡AUC =
= 180◦ − 2∡ABC

∡AUC

2
= 90◦ − ∡ABC.

ACDE AE = CD

SACDE =
1

4

∣∣m2 − d2
∣∣ · cotg ∡AUC

2
=

1

4

∣∣m2 − d2
∣∣ · tg∡ABC,

SACDE =
1

4

∣∣m2 − d2
∣∣ · tg∡ABC.

∗
∡CTD ̸= 90◦

SACDE =
1

4

(
m2 + d2 − e2 − c2

)
· tg∡CTD.

∡CTD = ∡ABC

SACDE =
1

4

(
m2 + d2 − e2 − c2

)
· tg∡ABC.

1

4

∣∣m2 − d2
∣∣ · tg∡ABC =

1

4

(
m2 + d2 − e2 − c2

)
· tg∡ABC.

m > d

m2 − d2 = m2 + d2 − e2 − c2.

e = c 2d2 = e2 + c2 = 2e2 = 2c2

d = e = c

A1A2A3A4A5A6

A1A6 A2A3 A1A2

A4A3 A2A3 A5A4 A5A6 A1A2

φ1, φ2, φ3, ..., φ6.
A1A4 A2A5 A3A6

A1A4 ̸=
A2A3

cotg
φ2

2
+ cotg

φ5

2
= cotg

φ1

2
+ cotg

φ4

2
= cotg

φ3

2
+ cotg

φ6

2
.

A1A2A3A4A5A6 S
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A1A2 = A2A3 = A3A4 = A4A5 = A5A6 =
= A6A1 A1A2A3A4 A1A4A5A6

A1A4 A1A2 = A3A4 A1A6 =
A4A5

SA1A2A3A4 =
1

4

∣∣A1A4
2 −A2A3

2
∣∣ · cotg φ2

2
,

SA1A4A5A6 =
1

4

∣∣A1A4
2 −A5A6

2
∣∣ · cotg φ5

2
.

S = SA1A2A3A4 + SA1A4A5A6 .

S =
1

4

∣∣A1A4
2 −A2A3

2
∣∣ · cotg φ2

2
+

1

4

∣∣A1A4
2 −A5A6

2
∣∣ · cotg φ5

2
.

A1A2A3A6 A4A5A6A3

A3A6 A1A6 = A2A3 A3A4 =
A6A5

SA1A2A3A6 =
1

4

∣∣A3A6
2 −A1A2

2
∣∣ · cotg φ1

2
,

SA4A5A6A3 =
1

4

∣∣A3A6
2 −A4A5

2
∣∣ · cotg φ4

2
.

SA1A2A3A6 +
+ SA4A5A6A3 = S

S =
1

4

∣∣A3A6
2 −A1A2

2
∣∣ · cotg φ1

2
+

1

4

∣∣A3A6
2 −A4A5

2
∣∣ · cotg φ4

2
.

A2A3 = A5A6

∣∣A1A4
2 −A2A3

2
∣∣ = ∣∣A1A4

2 −A5A6
2
∣∣ .

S =
1

4

∣∣A1A4
2 −A2A3

2
∣∣ ·

(
cotg

φ2

2
+ cotg

φ5

2

)
.

A1A2 = A4A5∣∣A3A6
2 −A1A2

2
∣∣ = ∣∣A3A6

2 −A4A5
2
∣∣ .

S =
1

4

∣∣A3A6
2 −A1A2

2
∣∣ ·

(
cotg

φ1

2
+ cotg

φ4

2

)
.

1

4

∣∣A1A4
2 −A2A3

2
∣∣ ·

(
cotg

φ2

2
+ cotg

φ5

2

)
=

=
1

4

∣∣A3A6
2 −A1A2

2
∣∣ ·

(
cotg

φ1

2
+ cotg

φ4

2

)
.

A1A4 = A3A6 A2A3 = A1A2

|A1A4 −A2A3| = |A3A6 −A1A2| .

A1A4 ̸= A2A3

|A1A4 −A2A3| ≠ 0 .

cotg
φ2

2
+ cotg

φ5

2
= cotg

φ1

2
+ cotg

φ4

2
.

16S2 = 4m2n2 −
(
a2 + c2 − b2 − d2

)2
. ∗∗

a b c d
m n

M+653
AD = BC

AM2 +BN2 = BM2 + CN2

SAMND = SBMNC AN ·DM = BN · CM
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∗∗

16S2
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(
AM2 +DN2 −AD2 −MN2

)2
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16S2
BMNC = 4BN2 · CM2 −

(
BM2 + CN2 −BC2 −MN2

)2
.

SAMND = SBMNC AM2+DN2−AD2−MN2 = BM2+CN2−
BC2−MN2 AM2+DN2 = BM2+CN2 AD = BC

AN ·DM = BN · CM
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+m2

(
a2 − d2
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−m2n2
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a2 + b2 + c2 + d2

)
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+
(
b2 + d2 − a2 − c2

) (
b2d2 − a2c2

)
= 0 .

∗ ∗ ∗

M+665 ABCD
AB = AC = a AD = CD = BC = b

BD
∗ ∗ ∗

∗∗

M+671 ABCDE
AC BD ∡AED = ∡CTD ̸= 90◦

AB BC CD DE EA BD AC a b c d e

m n S ABCD

S =
1

4

√
4(mn+ de)2 − (b2 + d2 + e2 − a2 − c2)2 .
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A SHORT FORMULA FOR THE AREA
OF A QUADRILATERAL WITH TWO EQUAL
OPPOSITE SIDES AND IT’S APPLICATION

Abstract. The article develops methods for solving complex prob-
lems at the level of mathematics olympiads, which are necessary for
both high school students and their teachers. At the heart of these
methods lies a formula for the area of a quadrilateral with a pair of
equal but non-parallel opposite sides. It obtains as a special case of
a more general formula for the area of an arbitrary convex quadri-
lateral, discussed in (Stefanov et al. 2024). Here we will prove the
last formula in a more direct way and will consider its application to
efficiently solving geometric problems.

Keywords : a special kind of quadrilaterals; area formulas; area of
a parallelogram; problems
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